Senior Solutions - TD Canada Trust High School Mathematics Competition 2012

Multiple Choice Questions.
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Full Solution.

1.

Letting ¢ = y — @, we arc looking for the largest and smallest values of ¢, subject to 2% 4+ y2 = 1.
As y = ¢+ z, this means 22 + (¢ +2)2 = 1. That is, 222 + 2cx + ¢ — 1 = 0. By the quadratic
—2ct4/(2e)? —4(2)(c2-1) omi e L 42 2 >
= . This is a real number if and only if (2¢)® — 4(2)(e® - 1) = O
that is, if and only if —4e? + & > 0. But this means that ¢? < 2. Therefore, the largest possible
value of cis a = \/@, and the smallest is b = —/2. The answer is /2 — (—\/EJ = 2/2.
Every positive integer can be written as 3k, 3k 4+ 1 or 3k + 2, for some integer k. If n = 3k, then
[n?/3] = |3k?| = 3k2. This cannot possibly be prime unless k = 1. Indeed, & = 1 does work, and
n = 3 is a valid solution. If n = 3k+1, then |n?/3| = L‘Lﬁi?i:ﬁj = [3k2+ 2k + | = 3k%+2k =
k(3k 4 2). This cannot be prime unless & = 1, and again, &k = 1 does work, since n = 4 is a valid
solution. Finally, suppose that n = 3k + 2. Then |n?/3| = LMJ =32 +4k+1+ 3] =
3k% 4 4k +1 = (3k + 1)(k + 1). This is clearly not prime unless k& = 0, but even then, we get 1,
which is not prime. Therefore, the only solutions are n = 3 and 4.
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