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Abstract

In this paper, we review the classical ways in which units are constructed
within a group ring. We investigate some results explored by Sehgal and Polcino
Milies that deal with group rings which contain either strictly trivial units, or
units which themselves form nilpotent groups. We also look at some conditions
which were discussed in books by Sehgal and Lee which result in the unit group
being solvable, as well.

0 Introduction

” Pure mathematics is, in its way, the poetry of logical ideas.”

Albert Einstein

What might be the first formal description of a group ring (though not yet named as
such) came from Sir William Rowan Hamilton in 1843, when he devised the first non-
commutative algebra: the quaternions ([1]). Similar structures, such as biquaternions
and octonions, followed soon after. The contributions of A. Cayley, T. Molien, G.
Frobenius, H. Maschke, and E. Noether, among others, established the importance of
group rings as an algebraic structure ([1]). Group rings have since found applications
in many different branches of algebra, and there are naturally many open problems
which are areas of active research.

This paper will focus on the study of units in group rings, and properties of the
groups formed by these units. However, we must first review some concepts from
group and ring theory, and define the group ring and some of its properties before we
may establish some results in this subject.



1 Preliminaries

Let us recall some definitions from group and ring theory. The results in this section
follow from largely from [1] and [2].

Definition 1.1. Let G be a group, and g a nontrivial element of G. If g has finite
order, we say g is a torsion element. If every element of G is a torsion element, then
we say G is a torsion group. In the case that G is abelian, these elements form a
subgroup, called the torsion subgroup and denoted Tg. If the identity is the only such
element in G, then G is called torsion free. Moreover, if G is an abelian group, then
the factor group G /T is necessarily torsion free.

Definition 1.2. An abelian group is said to be free abelian if it is a direct product of
infinite cyclic groups.

Theorem 1.3. Let G be a finitely generated, torsion free, abelian group. Then G is
free abelian.

Definition 1.4. If G is any group, the exponent of G is the least positive integer n
such that, for all g € G, g" =1 holds. If no such integer exists, we say G has infinite
exponent.

Theorem 1.5 (Priifer). If A is an abelian group of bounded exponent, then A is
1somorphic to a direct product of cyclic groups.

Definition 1.6. Let G be a group and < a relation on G such that, for all x,y,z € G,
< has the following properties:

(i) If t <y and y < z, then z < z.
(i1) If x # vy, then either x <y, ory < z, but not both.
(iii) If x <y, then zx < zy and xz < yz.

A group G with such a relation is said to be ordered.

Note that it follows from the above relation that y=! < 27! whenever x < y. As

an example, the real numbers under addition are an ordered group and, therefore, the
integers under addition must also form an ordered group. As it happens, the latter
is a specific example of the following result:

Lemma 1.7. If X is an infinite cyclic group, then X s ordered.

Proof. Suppose X = (x). Then the relation < given by z¢ < x° if and only if a < b
satisfies the properties of 1.6. This follows readily from the ordering on Z and the
fact that, for infinite cyclic groups, two elements are equal if and only if their powers
(when expressed in terms of the generating element) are equal. Thus infinite cyclic
groups are ordered. O



Definition 1.8. If H is a subgroup of a group G, then the complete set of represen-
tatives of left (right) cosets is called a left (right) transversal of H in G.

Definition 1.9. Let G be a group and H a subgroup of G. We say that H is char-
acteristic in G if, for any automorphism o of G, we have that o (H) = H.

Proposition 1.10. Let G be a group and H a characteristic subgroup in G. Then
H <G.

Proof. Let G and H be as above. Consider the mapping ¢, : G — G given by
¢g(a) = gag™' for arbitrary a,g € G. As this is merely conjugation by g, ¢, is an
automorphism on G. Since H is characteristic in G, it follows that ¢,(H) = gHg™*
= H. As g was arbitrary, it follows that H < G. O

Definition 1.11. A group G is solvable if there is a chain of subgroups such that
{le} =Gy <G, ... 9G, =G

and Gi11/G; is abelian for i =0,1,...,n—1. A chain of such subgroups is called an
abelian subnormal series of G.

Let us briefly turn our attention to some properties of solvable groups.
Lemma 1.12. Subgroups and factor groups of solvable groups are solvable.
Lemma 1.13. Let H < G. If both H and G/H are solvable, then G is solvable.

Let us now introduce the definition of a nilpotent group:

Definition 1.14. A group G is called nilpotent if it contains a series of subgroups
such that

and such that each subgroup G;_1 is normal in G and each factor group Gii1/G; is
contained in the centre of G/G; fori=0,1,...,n—1. A chain of such subgroups is
called a central series of G.

Lemma 1.15. Subgroups and factor groups of nilpotent groups are nilpotent.

Remark 1.16. From the definition, if G is abelian, then it is nilpotent with the
central series {1} < G. We may also observe that, since G; < G implies that
G; I Giyq fori=0,1,...,n—1, it follows from the definition that nilpotent groups
are solvable. However, since the fact that a subgroup is abelian does not necessarily
mean that it is a subgroup of a group’s centre, and since normality of subgroups is
not a transitive property, it does not follow that solvable groups are nilpotent. Thus,
we have the following implications:

Abelian = Nilpotent = Solvable.



Definition 1.17. Let G be a group, let g, h € G, and let A and B be nonempty
subsets of G. Then:

1.
2.

The element g~ *h~Ygh is called the commutator of g and h, and is denoted [g, h).

The group generated by the commutators of elements from A and from B 1is
denoted [A,B] = ( [a,b] | a € A,b € B ).

The subgroup of G generated by the commutators of its elements, called the
commutator or derived subgroup of G, is denoted by G' = ( [g,h] | g,h € G ).

Proposition 1.18. Let G be a group, let g, h € G, and let H < G. Then:

1.
2.

3.
/.

gh = hglg, h]; gh = hg if and only if [g,h] = l¢.
G, H] = [H, (]
H <G if and only if [H,G] < H.

H <G and G/H is abelian if and only if G' < H. In particular, G/G' is the
largest abelian quotient of G.

Proof. 1. This follows from the definition of [g, h].

2.

Since [G, H]| is a subgroup of G, then for every [g, h| € |G, H], [g,h]™" € |G, H].
However, [g,h]™' = (¢7'h~'gh)™" = h=lg7'hg = [h,g] € [H,G]. So |G, H] <
[H,G] and by similar argument we have that [H, G] < [G, H]. Thus, by double
inclusion, they must be equal.

. Suppose H < G. Then g~ 'hg € H for all h € H and g € G. Moreover, h™! € H

and, by closure of H, we have that h™'g~'hg = [h,g] € H for all h € H and
g € G. So [H,G] < H. Now suppose [H,G| < H. Then, for all h € H and
g € G, we have that h='g~'hg € H, and hence h™'g~'hgH = H. In particular,
it follows that g~ thg = hH = H, so that g~'hg € H for all h € H and ¢ € G.
Thus H < G, as desired.

Suppose H < G and G/H is abelian. Then, for all g,k € G we have that
(gH)(kH) = (kH)(gH). In particular
1H = (gH)~(kH) ™ (gH)(kH)
=g 'k lgkH
=lg, k]H.
Thus we have that [g, k] € H for all g,k € G, and G' < H.

Now suppose G’ < H. Consider the commutator subgroup [H, G|. An arbitrary
element is of the form [[,.,[hi, g;], where h; € H, g; € G for each i € I, I being
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some index set. Of course h;,g; € G for every i € I. Hence |h;,g;] € G’ for
every i € I and, by closure, every product of the [h;, g;]’s must be in G’ also.
Thus [H,G] < G' < H, which, by (2), means that H < G. To see that G/H is
abelian, note that, for arbitrary gH and kH in G/H, [g,k] € G' < H and thus
(gH)(kH) = (gk)H
= (kglg, k))H
= (kg)H = (kH)(gH).
]

Definition 1.19. A group G is said to be p-abelian if its commutator subgroup G’ is
a finite p-group. By convention, a group that is abelian is called 0-abelian.

Let us make use of the concept of commutators and commutator subgroups to give
an alternate definition of solvable group. We can repeatedly form derived subgroups
as follows:

G =G G = [GY, ¢TI n > 1.
Definition 1.20. The descending series of subgroups
GO>GW>. . >G> ...

15 called the derived series of the group G. If the series terminates, then the smallest
integer n such that G = {14} is called the derived length of G.

Theorem 1.21. A group G is solvable if and only if its derived series terminates.
Proof. Suppose G has a finite derived series given by
GO >aW > >c"={1,}

By 1.18.4, this is an abelian subnormal series for G. Hence G is solvable.

Now suppose that G is solvable. Let us consider an abelian subnormal series of G
given by

G=Gy>G>...>G,={lg}

Clearly G < Gy, so let us suppose that G < G; holds for every i, 1 < i < m.
Proceeding inductively, let us consider GV, We have that G"*Y < G < @G,,
by our induction hypothesis. Then G+ = [G(™) G(™)] < [G,,, G,], and, by 1.18.4,
we have that [G,,, G,»] < Gpy1, thus completing the induction step. It follows that
G™ = {14}, hence G is solvable. O

Now let us inductively define two new series of subgroups:
1(G) =G, %(G) = G', and Y%(G) = [vi-1(G), G].
Z0(G) ={1g}, Z1(G) = Z(G), and Z;(G)

is the unique subgroup of G such that Z;(G)/Z;-1(G) = Z(G/Z;-1(G)). The group
Zi(G) is called the i'" centre of G.



Definition 1.22. The sequences of subgroups
{l¢} =2o(G) C Z1(G)C ... C Z,(G) C ...

and

G=7(G)D%(G)D...0mG)>...

are called the upper central series and the lower central series of G, respectively.

Lemma 1.23. Let
{leg}=ACA C...CA, C...

be an ascending central series of a group G. Then A, C Z,(G) for alln > 0.

Proof. Let us proceed by induction. When n = 1, the result holds trivially. Therefore,
let us assume the result holds for some n > 1 and consider A,;. Since A, 1/A, C
Z(G/A,), it follows that, for a € A, and g € G, a”'g7lag € A, C Z,(G). So
(aZ,(G))(9Z.(G)) = (9Z.(G))(aZ,(G)). By the way that Z,.1(G) is defined, we
must have that a € Z,.,(G). Hence A,;1 C Z,11(G), completing the induction
step. O

Lemma 1.24. Let
G=A DA D...DA,D...

be a descending central series of a group G. Then v,(G) C A,—1 for alln > 0.

Proof. The case where n = 1 is trivial. Proceeding inductively, let us assume that
Yn(G) C A, _1 for some n > 1. Since A,,_1/A, lies in the centre of G/A,,, we have that
[A,_1,G] C A,,. Hence v,41(G) = [7(G), G] C [A,-1, G| C A, which completes the
induction step. O

From these lemmata we have that, if G is a nilpotent group, then all central series
of G have the same length. We call this number the nilpotency class of G. As we
saw above, all abelian groups are nilpotent, and we can now say that the nontrivial
abelian groups are exactly those of nilpotency class 1.

The notion of nilpotency class highlights an important idea underlying the study
of commutators, solvable groups, and nilpotent groups. In a sense, the series of
subgroups which we have given in the definitions of solvability and nilpotence can be
thought of as a way of sectioning up our group in a such a way that we can create
these groupings of commutative and central elements, respectively. The more we have
to section up our group, the farther we are from having an abelian group. Thus, we
can almost think of the nilpotency class of a group as a measure of its ”abelianness,”
or "nonabelianess,” if one prefers. Hence these structures help us to create a kind of
spectrum of abelianness, as illustrated in 1.16.

Let us now explore some results regarding nilpotent groups which will be useful
to us in future. The next three lemmata come from [3].



Lemma 1.25. If G is a nilpotent group, then the elements of order p, where p is a
prime, form a subgroup.

Lemma 1.26. If G is a nilpotent group and H a normal subgroup of G, then H
intersects the centre of G nontrivially.

Proof. Let G and H be as described. Since G is nilpotent, there is some n such
that G = Z,(G), the n-th centre of G. Thus there exists a least natural number j
such that H N Z;(G) # {1lg}, but HN Z;_1(G) = {1¢}. Since H is normal in G, it
follows from 1.18.3 that [H,G] < H. Thus [H N Z;(G),G| < H. Moreover from the
way the upper central series is defined, we have that [Z;(G), G| < (G) hence
(HNZ;(G),G] < Z;_1(G). We have shown that [HNZ;(G),G] € HN ( ) = {1G}
It must be that H N Z;(G) € HN Z(G).

Lemma 1.27. If G is a nilpotent group with an element of order p, where p is a
prime, then G has an element of order p in its centre.

Proof. Let G be a nilpotent group with an element of prime order p, say g. By 1.25,
the elements of order p form a subgroup, which we will denote P. We claim that P
is normal. To see this, let h be an arbitrary element of G. Observe that

(h™'gh)? = h'gPh = h™'h = 1¢.

So the order of h~!gh divides p, a prime. Since h~'gh is not the identity, its order is
not 1, so it must be p. Hence h™1gh € P, and it follows that P is normal. Applying
the previous lemma, P N Z(G) is nontrivial. In other words, G contains an element
of order p in its centre. O

Lemma 1.28. Let G be a group with the upper central series
{1¢} = Zo(G) € Z1(G) C --- C Z,(G) C
If the centre of G is torsion free, then each factor Z;1(G)/Z;(G) is torsion free.

Corollary 1.29. If G is a torsion free nilpotent group, then its upper central factors
are also torsion free. Moreover, if G is finitely generated, then G admits a central

sequence
{le} =Gy C---C G, =G,

all of whose factors are infinite cyclic.

Theorem 1.30 (Schur).

1. If G is a group such that its center is of finite index n, then G' is finite and
(G =1.

2. If G is a solvable group satisfying G*" C Z(G) for a fized prime power p™, then
(G =1 for a fized M.



Proof. See [4], I.4.2 and 1.4.3. O

We will now look at a type of group construction called the free group. We first
introduce some new terminology. Let us consider a set of symbols A = {a;}icr; we
call this set an alphabet, and each of the a; are letters in this alphabet. Define the
set A~! = {a;'};c;. This set will be of importance shortly.

We define a word in this alphabet to be any finite string of letters of the form

€iy €in

w:ail .'.a/in’

where n is any positive integer, a;; € A, and ¢;; = £1, 1 < j < n. The integer n will
be called the length of the word w. We use the convention that a word of length 0
is called the empty word and is denoted by 1. Powers apply in the usual way and,
if u and v are two words, then uv is obtained via juxtaposition of the letters in each
word.

Definition 1.31. Let u and v be words in some alphabet A = {a;}ic;. We say that u
1s equivalent to v and write u ~ v if there exists a sequence of words:

U=UL, U, Uy =V, N=>1,

. €5 —€4 . .
such that either w; 1 = wra; a; ws and u; = wiws, or vice versa, with ¢; = £1 and
wy and we, words in A.

The relation ~ above is an equivalence relation. We let w denote the equivalence
class of w under this relation.

Definition 1.32. A word w is called reduced if it contains no two consecutive symbols
of the form ai'a; ", where ¢; = £1.

Proposition 1.33. Let W denote the set of all words in a given alphabet A. Then
each equivalence class w, w € W, contains precisely one reduced word. Consequently,
if u,v € W are reduced words, then u ~ v if and only if u = v.

Theorem 1.34. Let W be the set of all words in an alphabet A, and let F = {w | w €
W}, If we define an operation < in F by

wov =uv, Yu,ve W,
then (F,o) is a group.

Definition 1.35. The group F constructed above is called the free group on A. If the
set A is finite with n elements, then we say that F' is a free group on n generators.

While there are many deep results concerning free groups, we omit them here,
since we have included the construction of the free group mainly so that we may
introduce the following concept:
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Definition 1.36. Let (a1, as,...) be the free group on a countable infinitude of gen-
erators. If G is any group, then we say that G satisfies a group identity if there exists
a nontrivial reduced word w(ay, ..., a,) € {ai,as,...) such that w(gy,...,g,) =1 for
all g; € G.

We have already encountered a simple example of a group identity. We may say
that G is abelian if it satisfies the group identity [g1,¢2] = 1 for all g1,92 € G, or
nilpotent if it satisfies [g1, ..., g,] = 1 for some n > 2. We also say G is n-Engel if it

satisfies
[917927' - 920 = 1.

n times

We will refer to these concepts a little later. Let us now leave the realm of group
theory to discuss some concepts from ring theory, some of which will be needed in
future.

Definition 1.37. Let R be a ring and I a nonempty subset of R. Then I is called a
left (right) ideal of R if the following hold:

1. Iis a subring of R
2. I is closed under left (right) multiplication (i.e. vI C I, or Ir C I) for all r € R.

We refer to I simply as an ideal (or two-sided ideal) if it is both a left and a right
ideal. Furthermore, I is called a proper ideal if it is neither R nor {0}.

Definition 1.38. Let x and y be arbitrary elements of a ring R. Then the element
xy — yx 18 called the Lie commutator of x and y. To avoid any confusion with the
other type of commutator defined earlier, we use the notation (x,y) to mean the Lie
commutator. We also use (R, R) to denote the additive subgroup of R generated by
all the Lie commutators of R.

Note the above definition can be extended in the following manner:

(#,9,2) = ((z,y), 2)

so that
(1, Ty Tpy) = (X1, -0, T0), Ty
For the ring R, we will use the following notation: A\;(R) = R, and, for any natural

number k£ > 1, \y(R) = (M\e—1(R), R).

Definition 1.39. If there exists an m € N such that, for a given ring R, A1 (R) =0
holds, then R is called a Lie nilpotent ring.
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Note that, if R is a Lie nilpotent ring, then it satisfies
(X1,...,2,) =0
for all z; € R. Furthermore, we say that R is Lie n-Engel if it satisfies

(I’l,ZEQ,...,I'Q):O

n times

for some positive integer n.

Definition 1.40. We define inductively the Lie power as follows: RV = R, and for
any natural number k, with k > 1, R%® is the ideal of R generated by (R*~Y R).

Definition 1.41. If there exists an m € N such that R = 0 holds, then R is
called a strongly Lie nilpotent ring.

Before we present the next lemma, let us recall that a ring element r is called
idempotent if r2 = r and nilpotent if r* = 0 for some positive integer k.

Lemma 1.42. Let R be a ring without nilpotent elements. Then every idempotent
element r belonging to R is central.

Proof. Let r € R be an idempotent element. Observe that, for any s € R,

2

(rs —rsr)® =rsrs —rsrsr —rsrs+rsrsr = 0.

Since R contains no nilpotent elements, we must have that rs = rsr. Similarly,
(sr —rsr)? = 0, so that sr = rsr. In other words, sr = rs. Since r and s were
arbitrary, we have shown that every idempotent element is in fact central. O]

Definition 1.43. Let R be a ring. We define the left R-module (or left module over
R) as a set M with the following operations:

1. There is a binary operation + on M under which M is an abelian group.

2. An action of R on M which is denoted by rm and, for allr,s € R and m,n € M,
satisfies:

(a) (r+ s)m =rm + sm,

(b) (rs)m = r(sm),

(c) r(m + n) = rm + .
Additionally, if R has unity, then
(d) 1m = m.
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We can define right R-modules in a similar way by moving the ring elements from
the left side to the right side in definitions 2(a) to 2(c). Moreover, we see that, if R is
commutative and M is a left R-module, then M can be made into a right R-module
by additionally defining mr = rm, where r € R and m € M. It is also worth noting
that R can be a left (right) module over itself. Then we see that the submodules are
precisely the left (right) ideals of R.

Definition 1.44. Let R be a ring and M be some R-module. An R-submodule of M
15 a subgroup N of M which is itself a module under the action of ring elements.

Note that, for any R-module M, both {0} and M are trivial R-submodules of M.
If M is a nonzero R-module such that its only submodules are the trivial submodules,
then we call M a simple module.

Let us now recall that the direct sum of two groups H and K is the set H ® K =

{(h,k) | h € H,k € K} together with the componentwise operations of the groups
H and K (that iS, if (hl, kl), (hz, k'Q) e H D K, then (hl, kl)(hg, kz) = (hth, Iﬁ]ﬂg))
There is a similar structure with modules:

Definition 1.45. Let A and B be modules of a ring R. We define the direct sum of
Aand BbyA®B={a®b|ac Abec B}. The operations on A @ B are given by

1. (a1 ) b1) + (CLQ ©® bg) = (a1 + ag) ©® (bl + bg),‘ and
2. r(a®b) =ra®rb, wherer € R.

Definition 1.46. A submodule N of an R-module M is called a direct summand if
there exists another module N’ such that M = N & N'. A module which contains no
nontrivial direct summand s called indecomposable.

Definition 1.47. An R-module M is called semisimple if every submodule of M is a
direct summand.

Proposition 1.48. Let N be a nontrivial submodule of a semisimple module M. The
N is semisimple and it contains a simple submodule.

Theorem 1.49. Let M be an R-module. Then the following conditions are equivalent:
1. M is semisimple;
2. M is a direct sum of simple submodules; and,
3. M is a sum (not necessarily direct) of simple submodules.

Definition 1.50. A ring R is called semisimple if R, when considered as a left module
over itself, is semisimple.

13



Considering R as a left R-module whose submodules are the left ideals of R, the
above definition can also be stated as R is semisimple if every left ideal is a direct
summand. Also note that any field K is semisimple since its only ideals are trivial,
and hence are trivially direct summands.

Theorem 1.51. Let R be a ring. Then the following conditions are equivalent:
(i) Every R-module is semisimple
(i) R is a semisimple ring

(i7i) R is a direct sum of a finite number of minimal left ideals

Theorem 1.52 (Wedderburn-Artin). A ring R is semisimple if and only if it is
the direct sum of matrix algebras over division rings. We write

R~ M, (D)) &...®& M, (Dy).

In particular, if R is commutative, then R must be a finite direct sum of fields.

14



2 Group Rings
Here, we explore some results which follow from [1].

Definition 2.1. Let G be a group and R a ring. Then the group ring RG is defined
as RG={ rmg1 + 71292+ ... +7pgn 1 € R, g; € Gyi =1,2,...,n }. That is, RG can
be thought of as the set of all finite formal sums of elements in G with coefficients in
R. If R is commutative then RG is called a group algebra.

Depending on the application, we will use either a = > rg-gora =73 ,r(g)-
g to represent elements of RG. For either notation, it is to be understood that only
finitely many of the coefficients from R are nonzero, even though G may be infinite.
Thus, if we are given elements o = deG rg-g and 8 = deG’ 54-g in RG, then a = 8
if and only if r, = s, for all g € G. We call the support of the element o the set

supp(o) ={ g | rg #0 }.
Addition in RG is defined in an intuitive manner:

(Zr9‘9>+(259'9) :Z(Tg"‘sg)‘g-

geG geG geG
For oo = dee rg-gand B =73, s h, we define the product o as follows:
aff = ZZTgsh - gh.
geG heG

This definition of the product, together with the closure of R and G, allow us to
rewrite the above as:
aB=> v5g

geG

Vg = E TgSh-

gh=g

where

From these definitions, we see that RG is closed under addition, and the taking of
products. The operation of addition in RG is based on the operation of addition in
R, so those properties of R under addition also hold in RG. Furthermore, the way
in which products are defined means that the left and right distributive properties
will follow from R, as will associativity. Hence RG is a ring. If we further define the
product of elements of R by elements of RG as

S (ng Hg) = Z(Srg) g

geG geqG

then we see that RG is also a left (right) R-module.
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Proposition 2.2. If R is a ring with unity, then the group ring RG is a ring with
unty.

Proof. Let R be a ring with unity element 1p. Then Izr =rip =r for every r € R.
Furthermore, it follows that the element 1p - 1¢ exists in RG. Let Y .7, - ¢ be an
arbitrary element in RG. Observe that:

(r-16) (37 9) =3 Lary - lag

geG geG

~S g

geG

=Y rln-gle= (3 re-9)- (e~ 1a).

geG geG

geG

Hence, the element 15 - 14 is unity in RG. O

Definition 2.3. The homomorphism ¢ : RG — R given by

¢(Z7’g'g) = ng

geG geG

is called the augmentation mapping of RG. Its kernel, denoted by A (G), is called the
augmentation ideal of RG.

The above definition, together with the first isomorphism theorem for rings, im-
plies that
RG/A(G) ~ R

Proposition 2.4. Let R be a commutative ring. The map * : RG — RG given by

(ng'g)* :ng'g_l

geG geG
satisfies the following properties:
(i) (a+B) ="+
(ii) (af)" = B o’
(iii) o = «

Lemma 2.5. If the augmentation ideal N(G) is a direct summand of RG as an
RG-module, then G is finite and |G| is invertible in R.

Theorem 2.6 (Maschke’s Theorem). Let G be a group. Then the group ring RG
1s semisimple if and only if the following conditions hold:
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(i) R is a semisimple ring;
(i1) G is finite; and,
(iii) |G| is invertible in R.

Recall that a field K is always semisimple, and that |G| is invertible in K if and

only if |G| # 0 in K. This holds if and only if char(K) 1 |G|. Thus we have the
following:

Corollary 2.7. Let G be a finite group and K, a field. Then the group algebra KG
is semisimple if and only if char(K) { |G].
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3 Units of Group Rings

First, we examine some general facts which follow from [1] so that we may then move
on to some results from [4].

For any ring R we let U(R) denote the group of units of the ring R. Thus, we use
U(RG) to mean the group of units of the group ring RG. Since the augmentation
mapping ¢ is a ring homomorphism, it follows that, if u € U(RG), then ¢(u) € U(R).

Let us use the notation U;(RG) to mean the subgroup of units of augmentation
1 in U(RG). That is:

Ui(RG) ={u € U(RG) | ¢(u) = 1}.
It follows that, if u is a unit of the group ring ZG, then ¢(u) = 1, and hence
U(ZG) = £U,(ZG).
Thus, for an arbitrary ring R, we have that
U(RG) =U(R) x U1(RG).

This is a classical way in which we might construct units in a group ring. We will now
give some other examples of some types of units, and how they can be constructed.

Definition 3.1 (Trivial units). An element of the form rg, where r € U(R) and

g € G, has an inverse r—1g=t. The elements of this form are called the trivial units

of RG.

Example 3.2. In the integral group ring ZG, the elements +g, where g € G, are
trivial units.

Example 3.3. If K is a field and G a group, then elements of the form kg, where
g€ G, ke K, and k # 0, are the trivial units of KG.

Definition 3.4 (Unipotent units). Let n be a square zero element (i.e. n* = 0) of
a ring R. Then (1 —n)(1+n) =1—n?>=1. Thus, the elements 1 +n and 1 —n
are units in R. By the same token, if n is some nilpotent element (that is, n® = 0 for
some k € "), then it follows that:

Q=)@ +n+n*+. . +0" ) =1-19"=1
14+ =+ —.. £ =1+£nf =1

Again, the elements 1 +n and 1 — n are units in R. We call these elements the
unipotent units of R.

18



With this last definition in mind, let K be a field of characteristic p > 0 and
consider the group algebra KG. If g is an element of G of order p™, then (1—g)?" = 0.
Letting A = 1 — g, we have that 1 — A\ = ¢ is a trivial unit. However, if char(K) # 2,
then 1+ X\ = 2 — g is a nontrivial unit. Also note that g(1 — g) is also nilpotent, thus
1+ g — g2 will be a nontrivial unit, so long as ¢ # 1.

Let R be a ring that contains zero divisors, say  and y, so that xy = 0. Then,
for any other r € R, we have that n = yrz is a square zero element, which, by the
previous definition, means 1 4 7 is a unit.

Definition 3.5 (Bicyclic units). Let us consider when R = ZG. Suppose a € G is
an element of finite order n > 2. Then (a —1)(1 +a+a*+ ... +a" ') =0, so that
a—11is a zero divisor. Lettinga =1+a+...+a"" ! and taking any other g € G, we
may construct a unit p of the form

fag =1+ (a—1)ga.

Such a unit is called a bicyclic unit. We denote by By the subgroup of U(ZG) generated
by all the bicyclic units of ZG.

Similar to a in the previous definition, we also use the notation H to mean the
sum over all elements of a (sub)group H. That is,

H=> h
heH
Proposition 3.6. Let g and h be elements of a group G, with g being an element of

finite order n. Then, the bicyclic unit gy is trivial if and only if h normalizes (g).
In this case, pgp = 1.

Proof. (=) Suppose that h='gh = ¢’ for some positive integer j. Then gh = hg’ and,
since ¢/ = g, it follows that ghg = hg. Directly from the definition, we get that

Hg.n = 1+(g—1)h§
=1+ ghg—hg
—1+hg—hg=1.

(<) Conversely, let us assume that g, is trivial. Since p4 ), is of augmentation
1, there exists some x € G such that 1+ (1 — g)hg = z, and thus

L+h(l4g4+... +g" H=a+gh(l+g+...+g" ).

If x = 1, then we must have that h = ghg® for some integer i. Hence h='gh = g~".
So let us assume that © # 1. Then h ¢ (g) (or else we would have x = 1). Since 1
appears on the left-hand side of the above equation, it follows that 1 = ghg* for some
integer k. Thus h = g~ **Y so that h='gh = ¢**'gg~*+Y = ¢, and thus gh = hg.
But that would mean z + ghg = x + hgg = v + hg = 1 + hg and hence x = 1, which
is a contradiction. O
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Proposition 3.7. Let G be a finite group. Then the group By is trivial if and only
if every subgroup of G is normal.

Proof. (=) Suppose G is finite and By is trivial. Let H be an arbitrary subgroup of
G, with h some arbitrary element in H. By closure of H, all powers of h appear in
H. 1f g is some arbitrary element of GG, then by the previous theorem we have that
g thg =1 € H. Since h and g were arbitrary, it follows that ¢ 'Hg = H. In other
words, H is normal in G.

(<) Conversely, suppose every subgroup of G is normal. Then for any a,b € G,
we have that a normalizes (b). Hence i, is trivial, by the previous theorem. Since
this holds for any a,b € G, it follows that By must be trivial. O

Recall that a nonabelian group G in which every subgroup is normal is called
Hamiltonian. Thus the above result implies that G must be either abelian or Hamil-
tonian if the group of bicyclic units in ZG is trivial. The next result will show that
if there exists a nontrivial bicyclic unit, then B is a group of infinite order.

Proposition 3.8. Every nontrivial bicyclic unit pyp, of ZG has infinite order.

Proof. We claim that (u,5)° = 1+ s(g — 1)hg. We proceed inductively on s. Clearly,
if s =1, the result holds, so assume that the above holds for s and consider (g, ;).
We have that

(ﬂg,h)s+1 = (,ug,h)s(,ug,h)
= (1 +s(g —1)hg)(1 + (g — 1)hg)
=1+ (9—1Dhg+s(g—1hg+ (s—1)(g—1)hg(g —1)hg
=14 (s+1)(g — 1)hg,

since g(g — 1) = 0. Thus (uy,)° = 1 if and only if (¢ — 1)hg = 0, which happens if
and only if pgp, = 1. O

We now make an aside to recall that, for a given n € Z*, Euler’s totient function
(which we will denote @) tells us the number of positive integers which are both less
than or equal to and relatively prime to n. This function has the property that, if a

and n are relatively prime, then a®™ = 1 (mod n), in itself a neat result. We use
this to construct a new unit:

Definition 3.9 (Bass cyclic units). Let g be an element of order n in a group G.
A Bass cyclic unit is an element of the group ring ZG of the form:

1 —a®™
pa=(L4g+.. +g )"+ ——p,

where a is an integer such that 2 < a <n — 2 and a and n are relatively prime.

Proposition 3.10. The bass cyclic unit p, of Z.G is of infinite order.
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Definition 3.11 (Alternating units). Let g € G be an element of odd order n and

let ¢ be an integer such that ¢ and 2n are relatively prime. Then the element
p=l-g+g*—. . +g"

is called an alternating unit of Z(g).

Lemma 3.12. Let v = deG v(g) - g be a unit of finite order in the integral group
ring ZG of a finite group G and assume that v(1) # 0. Then v = (1) = £1.

Corollary 3.13. Suppose that v = deG v(g)-g is a central unit in the integral group
ring ZG of a finite group G, which is of finite order. Then 7y is of the form v = +g,
with g € Z(G).

Theorem 3.14. Let A be a finite abelian group. Then, the group of torsion units of
the integral group ring ZA is +A.

Theorem 3.15 (Passman-Bass). Let v =3 _;7(9) g be an element of ZG which
satisfies v =1 for some n € Z*. If v(1) # 0, then v = +1.

Corollary 3.16. Suppose v € ZG has that property that it commutes with ~* (recall *
is the mapping defined in proposition 2.4). If v is a unit of finite order, then v = +g
for some g € G.

Corollary 3.17. All central units of finite order in ZG are trivial.
Corollary 3.18. If A is any abelian group, then all torsion units of ZA are trivial.

Theorem 3.19 (Higman). Let G be a torsion group. Then all units of ZG are
trivial if and only if G is either an abelian group of exponent 1, 2, 3, 4, or 6, or is a
Hamiltonian 2-group.

Theorem 3.20. Let X be an infinite cyclic group and let R be a ring without zero
divisors. Then the units of RX are trivial.

Proof. Suppose R and X are as described, and let u be some unit in RX. Multiplying
u by some suitable power of x, we obtain another unit of the form

n

ﬂ:Zri~xi,WherenZO,TO#O,and rn, # 0.

=0

Since u is a unit, it has some inverse of the form

v = Zsk-xk,wherej <m,s; #0,and s,, # 0.
k=j

Since R has no zero divisors, the product @v must contain the terms r,s,, - £ and
ros; - . But @ = 1, so we must have that n+m = j = 0, and therefore n = m = 0.
It follows that u is trivial, and so too must be w. O
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As an immediate consequence of the previous result, we get the following:
Corollary 3.21. If X is an infinite cyclic group, then U(ZX) = £X.

Theorem 3.20 is actually a specific example of a more general result. Recall from
1.6 that an ordered group G is one with a transitive relation < such that, for distinct
elements g, h € G, either g < h or h < g, but not both. In 1.7, we saw that infinite
cyclic groups are in fact ordered. Thus, we can further extend the previous theorem
as follows:

Theorem 3.22. Let G be an ordered group and R a ring without zero divisors. Then
RG contains no nontrivial zero divisors and no nontrivial units.

Proof. Let R and G be as described and let v and p be elements in RG such that
vp =0 or 1. Since GG is an ordered group, we may express 7 in the form

yzz:ri-gi, with g9 < g1 < ... < gpn, 70 #0, and r, # 0.
i=0
Similarly, for p, we can write

p:ZSj'hj, Withh0<h1<...<hm, 807&0, andsm#O.

§=0
It follows from the ordering of G that
goho <goh1 < ... <gOhm< <gnhm

If R has no nontrivial zero divisors, then the product vp must contain the terms
r0So-goho and 1, 8,,-gnh.,. Moreover, these terms must be distinct since, if gohg = gnhum
and gg < ¢g,, then we would have that h,, < hg, which is a contradiction.

Since the product has only one term, either 0 or 1, both r4s¢ - goho and 7,5, - gnhom
cannot survive in the product. We must have that n = m = 0.

Thus, if vp = 0, it must be that rqso = 0. But this is a contradiction, since R
contains no nontrivial zero divisors. In other words, RG contains no nontrivial zero
divisors.

We have also shown that, if yp = py =1 and n = m = 0, then v and p are of the
form of trivial units. O

Theorem 3.23. Let A be a torsion free abelian group, and let K be a field. Then the
units of KA are trivial.

Theorem 3.24. Let G be a group that has a subnormal chain of the form
{1} = Gy<G1<... <G, =G,

where each G;/G;_1 is infinite cyclic, and let K be a field. Then the units of KG are
trivial.
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Corollary 3.25. Let G be a torsion-free nilpotent group and let K be a field. Then
the units of KG are trivial.

Proof. Let u € KG be a unit. Replacing G with the group generated by the supports
of u and v, we may assume, without loss of generality, that G is finitely generated.
Applying 1.29, it follows that finitely generated torsion free nilpotent groups admit
a subnormal series like that of the previous theorem. It follows that the units of KG
must be trivial. ]

We now arrive at a conjecture which is very well known among those in the field:

Conjecture 3.26 (Unit conjecture). Let G be a torsion-free group and let K be a
field. Then the units of KG are trivial.

There are specific cases where this has been shown to hold, however the general
case has remained unproven since it was originally stated by Kaplansky over 40 years
ago ([1]). We have included it here, if only due to its notoriety within the subject.

Let us now turn our attention to the question of when the unit group of a group
ring forms a nilpotent group. In particular, we look at the result of Khripta, which
establishes necessary and sufficient conditions for group algebras with groups contain-
ing p-elements over fields of prime characteristic p > 0. We also state some results
from [4], one of which establishes necessary and sufficient conditions for nilpotence of
the unit group of ZG. However, we first require a few results from [5].

Lemma 3.27. Let K be a field of characteristic p > 0 and G a group such that
U(KQG) satisfies w(xy,...,x,) = 1. If N is a finite normal p-subgroup of G, then
U(K(G/N)) satisfies w(xy,...,z,) = 1.

Lemma 3.28. Let K be a field of characteristic p > 0, and let G be a nilpotent group
such that |G'| = p*. Then (KG)®") = 0.

Theorem 3.29 (Passi-Passman-Sehgal). The group algebra KG of the group G
over a field K of characteristic p > 0 is Lie nilpotent if and only if G is nilpotent and
p-abelian.

For the next lemma, we recall the notation z¥ = y~zy.

Lemma 3.30. Let R be a ring of prime characteristic p, and suppose v is a central,
square zero element in R. Then for arbitrary a € R and u € U(R), we have

1+ va,u,...,u zl—i—l/(a“pn—a)

p" terms

for any n > 2.
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Proof. Let us assume that v, a, and u are as given. Observe that:

[1+va,ul = (1+va) v (1+va)u
= (1 —va)u ' (14 va)u
=1+v(a" —a),

and therefore
2
1+va,u,ul =1+v(a" —2a"+a).

Proceeding inductively, we get

1+vau,. . u=1+v (a“k — <I;)a“k1 + (S)a“k2 —...—I—(—l)ka) :

k terms
Selecting k£ = p" and noting that p divides (”;) whenever 0 < 7 < p", we may conclude
that

1=[1+vau,... ul=1+v(a*—a), where z = u?".

p" terms

]

Supposing we have some central element ¢ of order p in GG, we can use v = § in
the previous lemma, since 12 = 0.

Lemma 3.31. Let G be a group with an element g of order p in Z(G). If K is a
field of characteristic p, and U(K Q) is p™-Engel, then G*" C Z(G).

Proof. Let g be as given and let us construct the element v = §; as we mentioned
above, v is square zero. Thus, by 3.30, for any x,y € G, it follows that

1=[1+vz,y,...,y] =1+v(2*—1z), where z =¢"".

p"™ terms

From this, it follows that v(z* — x) = 0, and therefore vz* = vz. Hence there exists
a j such that 2* = x¢’. Conjugating again by z and using the fact that ¢ is central,
it follows that 2 = 2 logiy = 222" = 2¢7¢ = xg¥. Then 2°° = x¢’? = x, since
g has order p. In other words, % = :vyan is a central element. Since both x and

y were arbitrary, and our choice of n independent of x and y, we have the result we

desired. ]
Lemma 3.32. If R is a ring with central, square zero elements vy, ..., v,, then for
any ri,...,r, € R, we have

L4+vry, .o L] =14+v - vp(r, . ).
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Proof. We proceed by induction. Observe that, when n = 2, we have

[1 + mry, 1 + 1/27“2] = (1 — 1/17‘1)(1 — Vg”f’g)(l -+ Vﬂ’l)(l -+ VQT’Q)
= (1 — VT — V1T + 1/11/27’17"2)<1 + V9aT9 + Ty + V1V2T1T2>

= 1+ niveriry — nierery = 1 4 v1a(ry, 1a).

Thus our base case holds. Assuming our hypothesis holds for some n > 2, observe
that

14+ vry, o L+ v, L4 v raa] = [T+ var, o L4 vprn], T4 v ]
=[14+uv1vp(r, .o ymn), L+ Vpg1rnaa]
=14uvi- V1 ((r,. .o, "), "ng1)
=1 + | Z T Vn+1(7”17 Ce 7rn+l)‘
This completes the induction step. O

Lemma 3.33. Let R be a ring. Then for any positive integer n, v,(U(R)) C 1+R™.
In particular, if R is strongly Lie nilpotent, then U(R) is nilpotent.

Theorem 3.34 (Khripta). Let G be a group having an element g of order p. If K
is a field of characteristic p, then U(KG) is nilpotent if and only if G is nilpotent and
p-abelian.

Proof. (=) Suppose that U(KG) is nilpotent. Treating G as a subgroup of U(KG),
it follows that G is nilpotent. Moreover, since G has an element of order p, it follows
from 1.27 that G has an element of order p in its centre. By 3.31 and 1.30, G’ must
be a p-group of bounded exponent. We assume towards a contradiction that G’ is
infinite.

Since G is nilpotent, it follows that the lower central series eventually terminates.
Therefore, we can find a largest natural number n such that 7,(G) is infinite, but
Yn+1(G) is finite. Then 7,41(G) is a finite p-group. Observe that

G//’VnJrl(G) = GI/(7n+1 (G) N G/) = (G17n+1 (G))/7n+1(G>

Thus, it suffices to show that G’/v,11(G) is finite. But by 3.27, it follows that
U(K(G/vn+1(@Q))) is nilpotent. Moreover, by definition, 7,+1(G) = [v.(G), G]. Thus,
we may factor out 7,,1(G) and assume that 7, (G) is an infinite central p-group of
bounded exponent. Applying 1.5, we may assume G contains a central subgroup of
the form A = [[;°, A;, where each 4; is a nontrivial cyclic p-group.

Let X be a transversal of A in G. We suppose that U(KG) satisfies [z1, ..., 2] =
1, and take any «q,...,a,, € KG. Since these elements all have finite support,
we may choose a natural number k so that (ai,...,q,) = Zj Bjh;, where each

B € K(A; x---xAg)and hj € X. For each i, 1 <7 <m, we let ni:flkﬂ-. As each
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7n; is central and square zero, it follows that 1 + n;; € U(KG) for all i. Thus, the
group identity on U(KG), together with 3.32, gives us the following:

I=[14may,. ..., 1+ nnan)
=14+m-nnlor,..., o)

:1+771"‘77m25jhj-
J

Since each of the h;’s lie in distinct (i.e. disjoint) cosets of A, we must have that
M - B = 0 for all j. Furthermore, the product of the A;’s is direct. As no 7, = 0,
we must have that 5; = 0 for all j. In other words, (as,...,a,,) = > 0=0. The o’s
being arbitrary, it follows that K'G is Lie nilpotent. But then, by 3.29, we have that
G’ is a finite p-group.

(<) Conversely, assume that G is nilpotent with G’ a finite p-group. By 3.28,
we must have that (KG)(ka) = 0 for some positive integer k. But then, by 3.33,
Yo (U(KG)) C 1+ (KG)?" =1, so U(KQ) is nilpotent, as desired. O

Before we discuss another major result regarding nilpotent unit groups, we must
first look at a few preliminary results from [4].

Lemma 3.35. Suppose that U(ZG) is nilpotent. Then, for t,t;,ty € T, g € G, we
have the following implications:

(i) g7l tg #t =g g =1""
(i1) |t| is odd = gt = tg
(117) |t1] > 1 and odd, |ts| is even = T is central in G.

Lemma 3.36. If G is a nilpotent group, then QG has no nilpotent elements if and only
if the torsion subgroup of G is a normal subgroup and one of the following conditions
18 met:

(1) Te is abelian and for g € G, we have locally on T¢ that
e e = '@ for allt € T.

That is, for a finite subgroup B of T, we have that x=tbx = b for all b € B,
where 1 depends on both B and x.

(2) T = A X E x Kg where A is an abelian group in which every element has odd
order, E 1s an elementary abelian 2-group, and Kg is the quaternion group such
that modulo every n, with an element of order n in A, the multiplicative order
of 2 is odd. Moreover, Kg is normal in G, conjugation by any g € G induces
an inner automorphism on Ky, and conjugation by g € G acts as described in

(1) on A x E.
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Theorem 3.37. U(ZG) is nilpotent if and only if G is nilpotent and T satisfies one
of the following:

(i) Te is central in G,
(i) T is an abelian 2-group and for g € G,t € T, we have that

g 'tg =1, e(g) = £1

(iii) Tg = Ex Kg where E? = 1 and Ky is the quaternion group of order 8. Moreover,
E is central in G and conjugation by any g € G induces one of the four inner
automorphisms on Kg.

For good measure, we state the following result regarding group algebras.

Theorem 3.38. Let KG be a group algebra over a field K of characteristic p > 0.
If p > 0, let G have no element of order p. Then U(KG) is nilpotent if and only if
G is nilpotent and one of the following holds:

(i) Tq is a central subgroup

(ii) |K| =2°—1 = p, a Mersenne prime; Tg is an abelian group of exponent (p>—1),
and for g € G,t € Tz, we have that

g 'tg =1t or t*.
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4 Conclusion

" The study of mathematics, like the Nile, begins in minuteness
but ends in magnificence.”

Charles Caleb Colton

There are a number of useful results in [4] concerning solvable unit groups which
warrant further exploration. For example, there is the following result due to Zassen-
haus:

Lemma 4.1. Let G = Kg x (z), where (z) is a cyclic group of prime order p > 2.
Then U(ZG) is not solvable.

Another similar result to that of 3.37 above is the following:
Theorem 4.2. Suppose that U(ZG) is solvable. Then

(1) The torsion elements of G form a group which is either abelian or a Hamiltonian
2-group, with every subgroup normal in G.

Conversely, if G is a solvable group satisfying (1) and G/Tg is nilpotent, then U(ZG)
15 solvable.

Corollary 4.3. If G is finite then U(ZG) is solvable if and only if G is abelian or a
Hamiltonian 2-group.

Regarding the group ring QG, [4] also discusses the following results:
Theorem 4.4. Suppose that U(QG) is solvable. Then

(2) The torsion elements of G form an abelian subgroup T with every subgroup
normal in G.

Conversely, if G is a solvable group satisfying (1) and (2) above, then U(QQG) is
solvable.

Corollary 4.5. If G is finite, then U(QG) is solvable if and only if G is abelian.
There is the following result due to Bateman:

Theorem 4.6. If K is a field of positive characteristic p # 2,3 and G is a finite

group, then U(QG) is solvable if and only if G’ is a p-group.
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Lee, in [5], also offers an extensive examination of necessary and sufficient condi-
tions of the solvability of U(KG).

Lemma 4.7. Let K be a field of characteristic p > 2 and G a group. Let N be a
finite normal p-subgroup of G. Then U(KG) is solvable if and only if U(K(G/N)) is
solvable.

Theorem 4.8. Let K be a field of characteristic p > 0, with |K| > 3. Let G be a
finite group. The U(KQG) is solvable if and only if G is p-abelian.

Theorem 4.9. Let K be a field of characteristic p > 0 and G a torsion group.
Suppose that |K| > 3. The U(KG) is solvable if and only if either

1. p# 2 and G is p-abelian; or

2. p =2, G has a 2-abelian subgroup of index at most 2, and G’ is a 2-group of
bounded exponent.

Corollary 4.10. Let K be a field such that char K # 2,3 and let G be a torsion
group. Then U(KG) is solvable if and only if KG is Lie solvable.

For those instances when G is a nontorsion group, Lee gives the following results:

Theorem 4.11. Let K be a field of characteristic p > 0 and G a nontorsion group
containing finitely many p-elements. Then U(KQG) is solvable if and only if the p-
elements of G form a subgroup P and U(K(G/P)) is solvable.

Theorem 4.12. Let K be a field of characteristic p > 2 and G a nontorsion group
containing infinitely many p-elements. Then U(KG) is solvable if and only if G is
p-abelian.

Theorem 4.13. Let K be a field of characteristic 2 and G a nontorsion group con-
taining infinitely many 2-elements. Then U(KG) is solvable if and only if

1. G has a 2-abelian subgroup A of index at most 2;

2. the 2-elements of G form a subgroup P;

3. the torsion elements of G/P form an abelian group, T'/P; and
4. every idempotent of K(G/P) is central.

Theorem 4.14. Let K be a field of characteristic 2 and G a nontorsion group whose
2-elements have unbounded exponent. Then U(KG) is solvable if and only if G has a
2-abelian subgroup A of index at most 2, and G’ is a 2-group of bounded exponent.

In future research, these results and their proofs might be explored in depth.
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