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Abstract

The purpose of this project is to first review some concepts from Func-
tional Analysis and Operator Algebra, then to apply these concepts to an
in depth introduction to Compact Operators and the Spectra of Compact
Operators, leading to The Fredholm Alternative. Topics discussed include
Normed Spaces, Hilbert Spaces, Linear Operators, Bounded Linear Op-
erators, and Compact Operators. The main source for the statements of
results is [1]. It is recommended that anyone interested in specifics not
provided here consult this source for further details.



1 Introductory Material

Definition 1.1. Let V and W be vector spaces over the same scalar field F. A
function T : V. — W is called a linear transformation (or mapping) if, for all
a,feFand x,y eV

T(azx + By) = oT'(x) + BT (y).

Definition 1.2. The set of all linear transformations 7" : V. — W will be
denoted by L(V, W)

Definition 1.3. Let V' and W be vector spaces and T' € L(V,W).

1. The image of T (often known as the range of T') is the subspace Im(T") =
T(V); the rank of T is the number (T) =dim(Im(7)).

2. The kernel of T (often known as the null-space of T') is the subspace
Ker(T) = {& € V : T(x) = 0}; the nullity of T is the number n(T) =
dim(Ker(T)).

Lemma 1.4. Let V, W be vector spaces and T € L(V,W).

1. T is one-to-one if and only if the equation T'(x) = 0 has only the solution
x=0. This is equivalent to Ker(T) = {0} or n(T) = 0.

2. T is onto if and only if Im(T) = W. If dim(W) is finite this is equivalent
to r(T)=dim(W).

3. T € L(V,W) is bijective if and only if there exists a unique transformation
S € L(W, V) which is bijective and SoT = Iy and T o S = Iy .

Lemma 1.5. Let V be a vector space and let T € L(V). Let {\1,..., A} be a
set of distinct eigenvalues of T, and for each 1 < j <k let x; be an eigenvector
corresponding to Xj. Then the set {x1,...,x1} is linearly independent.

Definition 1.6. Let (M, d) be a metric space. For any € M and any number
r > 0, the set

B.(r)={ye M :d(z,y) <r}

will be called the open ball with centre x and radius . Theset {y € M : d(z,y) <
will be called the closed ball with centre x and radius r.

Definition 1.7. Let (M, d) be a metric space and let A C M.

1. A is bounded if there is a number b > 0 such that d(z,y) < b for all
x,y € A.

2. A s open if, for each point x € A, there is an € > 0 such that B, () C A.
3. Ais closed if the set M\ A is open.

4. A point x € M is a closure point of A if, for every € > 0, there is a point
y € A with d(z,y) < e (equivalently, if there exists a sequence {y,} C A
such that y,, — ).



5. The closure of A, denoted A or A7 is the set of all closure points of A.
6. Ais dense (in M) if A= M
Theorem 1.8. Let (M,d) be a metric space and let A C M.

1. A is closed and is equal to the intersection of the collection of all closed
subsets of M which contain A (so A is the smallest closed set containing

A).
2. A is closed if and only if A = A.

3. A is closed if and only if, whenever {x,} is a sequence in A which con-
verges to an element x € M, then x € A.

4. x € A if and only if inf{d(x,y) :y € A} = 0.

5. For any x € M and r > 0, the “open” and “closed” balls in Definition 1.6
are open and closed in the sense of Definition 1.7. Furthermore,

B.(r) C{y € M : d(x,y) <r}

but these sets need not be equal in general (however, for most of the spaces
we will consider these sets are equal).

6. A is dense if and only if, for any element x € M and any number ¢ > 0,
there exists a point y € A with d(x,y) < € (equivalently, for any element
x € M there exist a sequence {yn} C A such that y, — x).

Theorem 1.9. (Baire’s Category Theorem)
o0

If (M,d) is a complete metric space and M = U Aj, where each A; C M,
j=1

j=1,2,..., is closed, then at least one of the sets A; contains an open ball.

Theorem 1.10. (Bolzano-Weierstrass Theorem)
FEvery closed, bounded subset of F* is compact.

Definition 1.11. Let (M, d) be a compact metric space. The set of continuous
functions f : M — F will be denoted Cr(M). We define a metric on Cr(M) by

d(f,g) = sup{|f(z) —g(z)| : x € M}

Definition 1.12. Suppose that (M,d) is a compact metric space and {f,} is
a sequence in C(M), and let f: M — F be a function.

1. {fn} converges pointwise to f if |f,(z) — f(z)| = 0 for all z € M.
2. {fn} converges uniformly to f if sup{|fn(z) — f(x)|:x € M} — 0.
Theorem 1.13. The metric space C(M) is complete.
Theorem 1.14. Suppose that (M,d) is a metric space and A C M.
1. If A is compact then it is separable.
2. If A is separable and B C A then B is separable.



2 Normed Spaces

Lemma 2.1. Let X be a vector space and let || - |1, || - |2 and || - ||3 be three
norms on X. Let || - || be equivalent to || - |1 and let || - ||3 be equivalent to
-2

1. || - ||x is equivalent to || - ||2-

2. || - |3 is equivalent to || - ||1-
Lemma 2.2. Let X be a vector space and let || - || and || - |1 be norms on X.

Let d and dy be metrics defined by d(x,y) =|| z —y || and d1(z,y) =||z—y |1-
Suppose that there exists K > 0 such that || x ||< K || z |1 for all z € X. Let
{zn} be a sequence in X.

1. If {z,} converges to x in the metric space (X, di) the {x,} converges to
x in the metric space (X,d)

2. If {xn} is Cauchy in the metric space (X,d1) then {x,} is Cauchy in the
metric space (X,d).

Corollary 2.3. Let X be a vector space and let || - || and || - ||1 be equivalent
norms on X. Let d and dy be the metrics defined by d(xz,y) =|| z —y || and
di(z,y) =||x —y |l1. Let {xn} be a sequence in X.

1. {z,} converge to x in the metric space (X,d) if and only if {x,} converges
to x in the metric space (X,d; ).

2. {xn} is Cauchy in the metric space (X,d) if and only if {z,} is Cauchy
in the metric space (X,dy ).

3. (X,d) is complete if and only if (X,dy) is complete.

Theorem 2.4. Let X be a finite-dimensional vector space with norm || - || and
let {e1,ea,...,e,} be a basis for X. Another norm on X is
n n 1
2
1> v = (D2 1) (2:0.1)
j=1 j=1
The norms || - || and || - ||1 are equivalent.
Corollary 2.5. If || - || and || - |2 are any two norms on a finite-dimensional

vector space X then they are equivalent.

Lemma 2.6. Let X be a finite-dimensional vector space over F and let {e1,ea,...,e,}
be a basis for X. If || - |1 : X — R is the norm on X defined by (2.0.1) the X is
a complete metric space.

Corollary 2.7. If || - || is any norm on a finite-dimensional space X then X is
a complete metric space

Corollary 2.8. If Y is a finite-dimensional subspace of a normed vector space
X, then Y is closed.

Theorem 2.9. If X is an infinite-dimensional normed vector space then neither
D={xeX:|z|<1} nor K={x € X :|| z|=1} is compact.



Definition 2.10. A Banach space is a normed vector space which is complete
under the metric associated with the norm.

Theorem 2.11. Let X be a Banach space and let {x,} be a sequence in X. If

o0
the series E || z || converges the the series E Xy converges.
k=1 k=1



3 Hilbert Spaces

Definition 3.1. Let X be a complex vector space. An inner product on X is a
function (+,-) : X x X — C such that for all z,y,z € X, o, 8 € C,

1. (z,z) € R and (z,z) > 0;
2. (z,z) =0 if and only if 2 = 0;
3. (e + By, z) = a(z,z) + By, 2)
1 (zy) = o)
Lemma 3.2. Let X be an inner product space, x,y,z € X and o, 8 € F. Then,
1. (0,y)=(x,0)=0
2. (x,ay + Bz) = a(z,y) + B(z, 2)
3. (ax + By,ax + By) = |af*(z,2) + aB(z,y) + 6By, z) + |B*(y, y)

Lemma 3.3. Let X be an inner product space and suppose that {x,} and {yn}

are convergent sequences in X, with lim z, = x and hm Yn =y. Then
n—oo

lim (2, yn) = (2,9)

n—
Lemma 3.4. Let {v1,...,v;} be a linearly independent subset of an inner prod-
uct space X, and let S=Sp {v1,...,vx}. Then there is an orthonormal basis

{e1,...,ex} for S.

Definition 3.5. An inner product space which is complete with respect to the
metric associated with the norm induced by the inner product is called a Hilbert
Space.

Lemma 3.6. If H is a Hilbert space and'Y C H is a linear subspace, then Y is
a Hilbert space if and only if Y is closed in H.

Definition 3.7. Let X be an inner product space and let A be a subset of X.
The orthogonal complement of A is the set

l:{gceX:(36,(1):0,V(1€A}
Lemma 3.8. If X is an inner product space and A C X then:
1. If0 € A then AN At = {0}, otherwise AN A+ =
2. AL is a closed linear subspace of X.
3. Ac (Ah)*
Lemma 3.9. Let Y be a linear subspace of an inner product space X. Then
veVtes|zoyl>| x|, Vyey

Theorem 3.10. Let A be a non-empty, closed, convex subset of a Hilbert space
H and let p € H. Then there exists a unique ¢ € A such that

lp—ql=inf{lp—al:ac A}



Theorem 3.11. Let Y be a closed linear subspace of a Hilbert space H. For
any x € H, there exists a unique y € Y and z € Y+ such that x = y + z. Also,
Il 2=y 1>+ = |?

Corollary 3.12. If Y is a closed linear subspace of a Hilbert space H then
Y+t =v.

Corollary 3.13. If Y is any linear subspace of a Hilbert space H then Y+ =Y

Definition 3.14. Let X be an inner product space. A sequence {e,} C X is
said to be an orthonormal sequence if || e, ||[=1 for all n € N, and (e;,,e,) =0
for all m,n € N with m # n.

Theorem 3.15. Any infinite-dimensional inner product space X contains an
orthonormal sequence

Theorem 3.16. 1. Finite dimensional normed vector spaces are separable.

2. An infinite-dimensional Hilbert space H is separable if and only if it has
an orthonormal basis.

Example of a Hilbert Space
The set of all sequences in a field is CV = {{x,,} : z,, € C}

Which is clearly a vector space if we define addition and scalar multiplication
as follows

o {zn} + {yn} = {20 +yn}
o c{x,} ={cx,}

For simplicity we write = for {z,,} meaning the usual vector notation.

(% C CV consists of all sequences x such that Z |z, |? < 00
n

% is often abbreviated as £2.
The inner product on 2 is (z,y) = > onTnln

The norm on /2 is || z ||= (Z E

n
This norm is often called the counting metric and is directly analogous to the
Euclidean Metric from RV
22 is clearly an inner product space and is clearly complete with respect to the
induced norm in the same way as RY is. Therefore ¢2 is a Hilbert Space (and
also a Banach Space).



4 Bounded Linear Operators
Lemma 4.1. Let X and Y be normed linear spaces and let T : X — 'Y be a
linear transformation. The following are equivalent:

1. T is uniformly continuous;
2. T is continuous;
3. T is continuous at 0;

4. there exists a positive real number k such that || T(x) |< k whenever x € X
and || 7 |< 1

5. there exists a positive real number k such that | T(z) ||[< k|| x || for all
reX.

Definition 4.2. Let X and Y be normed linear spaces and let T': X — Y be
a linear transformation. T is said to be bounded if there exists a positive real
number k such that || T(z) |< k || = || for all z € X.

Definition 4.3. Let X an Y be normed linear spaces. The set of all continuous
linear transformations from X to Y is denoted by B(X,Y"). Elements of B(X,Y)
are also called bounder linear operators or linear operators, or sometimes just
operators

Note
For Linear Operators, boundedness is equivalent to continuity. Apply Lemma
4.1 to the definition of a Bounded Linear Operator.

Lemma 4.4. Let X and Y be normed spaces. If || - || : B(X,Y) — R is defined
by

IT|| = sup{IT(2)|| - [} <1}
then || - || is @ norm on B(X,Y)

Theorem 4.5. Let X be a finite-dimensional normed space, let Y be any normed
linear space and let T : X — Y be a linear transformation. Then T is continu-
ous.

Lemma 4.6. If X and Y are normed linear spaces and T : X — Y is a contin-
uous linear transformation then Ker(T) is closed.

Theorem 4.7. If X is a normed linear space and Y is a Banach space the
B(X,Y) is a Banach space.

Theorem 4.8. Let X be a Banach space. If T € B(X) is an operator with
| T||<1theI—T isinvertible and the inverse is given by

(I-7)"'= i .
n=0

Theorem 4.9. (Open Mapping Theorem)
Suppose that X and Y are Banach space and T € B(X,Y) is surjective. Let
L={T(x);xz € X and | z | <1}

with closure L. Then:



1. there exists v > 0 such that {y € Y :|| y ||<r} C L;
2 {yeY:yl<s Ly
3. if, in addition, T is one-to-one then T is invertible.

Corollary 4.10. (Closed Graph Theorem)
If X and Y are Banach spaces and T is a linear transformation from X into Y
such that G(T), the graph of T, is closed, then T is continuous.

Corollary 4.11. (Banach’s Isomorphism Theorem)
If X, Y are Banach spaces and T € B(X,Y) is bijective, then T is invertible.

Lemma 4.12. If X and Y are normed linear spaces and T € B(X,Y) is in-
vertible then, for all x € X,

1Tz = T 17 =

Theorem 4.13. (Uniform Boundedness Principle)

Let U, X be Banach spaces. Suppose that S is a non-empty set and, for each
s€ S, Ty € B(U,X). If, for each uw € U, the set {|| Ts(u) ||: s € S} is bounded
then the set {|| Ts ||: s € S} is bounded.

Theorem 4.14. (Riesz-Fréchet Theorem)
Let H be a Hilbert space and let f € H'. Then there is a unique y € H such
that f(x) = f,(z) = (z,y) for all x € H. Moreover || f ||=|l v ||.

10



5 Bounded Linear Operators on Hilbert Spaces

Theorem 5.1. Let H and K be complex Hilbert spaces and let T € B(H,K).
There exists a unique operator T* € B(H,K) such that for all x € H and all
yek

(Tz,y) = (x,T"y)

Definition 5.2. If # and K are complex Hilbert spaces and T' € B(H, K) the
operator T constructed above is called the adjoint of T'.

Lemma 5.3. Let, H, K, £ be complex Hilbert spaces, let R, S € B(H,K) and
let T € B(K,L). Let \,p € C. Then:

1. (uR+ \S)* = aR* + \S*;
2. (TR)* = R*'T*

Theorem 5.4. Let H and KC be complex Hilbert spaces and let T € B(H,K).
1. (T*)*=T.
2 T =l T .
3. The function f : B(H,K) — B(K,H) defined by f(R) = R* is continuous.
LT =) TP

Lemma 5.5. Let H and K be complex Hilbert spaces and let T € B(H,K).
1. Ker(T) = (Im(T*))*
2. Ker(T*) = (Im(T))*
3. Ker(T*) =0 if and only if Im(T) is dense in K.

Lemma 5.6. If H is a complex Hilbert space and T € B(H) is invertible then
T* is invertible and (T*)~! = (T~1)*.
Theorem 5.7. Let H be a complex Hilbert space.

1. If M is a closed linear subspace of H there is an orthogonal projection
Py € B(H) with range M, kernel M~ and || Pp ||< 1.

2. If Q is an orthogonal projection in B(H) then Im(Q) is a closed linear
subspace and Q = Pr,,(q)-

Corollary 5.8. If H is a complex Hilbert space, M 1is a closed linear subspace
of H, {en}]_, is an orthonormal basis for M, where J is a positive integer or
oo, and P is the orthogonal projection of H onto M, then

J

Pz = Z(ac7 €n)en.

n=1

11



6 Compact Operators

Definition 6.1. Let X and Y be normed spaces. A linear transformation
T e L(X,Y) is compact if, for any bounded sequence {z,} in X, the sequence
{Tz,} in Y contains a convergent subsequence. The set of compact transfor-
mations in L(X,Y") will be denoted by K(X,Y).

Theorem 6.2. Let X and Y be normed spaces an let T € K(X,Y). Then T is
bounded. Thus K(X,Y) C B(X,Y).

Proof. Suppose that T is not bounded. Then for each integer n > 1 there exists
a unit vector z, such that || Tz, ||> n. Since the sequence {z,} is bounded,
by the compactness of T' there exists a subsequence {T'z,,(,)} which converges.
This contradicts || T2y |[> n(r). (ie. convergence implies boundedness) [

Theorem 6.3. Let X, Y, Z be normed spaces

1. If ST € K(X,Y) and a, 8 € C then oS + BT is compact. Thus K(X,Y)
is a linear subspace of B(X,Y).

2. If S € B(X,Y), T € B(Y,Z) and at least on of the operators S, T is
compact, then TS € B(X, Z) is compact.

Proof. 1. Let {x,} be a bounded sequence in X. Since S is compact, there is
a subsequence {Z,(,)} such that {Sz,} converges. Then, since {z,)}
is bounded and T is compact, there is a subsequence {xn(r(s))} of the
sequence {&,(y} such that {Tx,(.(s)} converges.Since the sum of con-
vergent sequences converges, it follows that the sequence {aSzy(q(s)) +
BT 2y (r(s))} converges. Thus aS + BT is compact.

2. Let {x,} be a bounded sequence in X. If S is compact then there is a
subsequence {z, ()} such that {Sz,.} converges. Since 7' is bounded
(and so is continuous), the sequence {T'Sx, .y} converges. Thus T'S is
compact. If S is bounded but not compact the the sequence {Sz,} is
bounded. Then since T' must be compact, there is a subsequence {Smn(T)}
such that {T'Sx,(,)} converges, and again T'S is compact.

O

For simplicity of notation we will make the following change (when it does
not obscure the meaning of statements) {Tp(y}, {Tn(r(s))} — {2n}-

Theorem 6.4. Let X, Y be normed spaces and T € B(X,Y).
1. If T has finite rank then T is compact.
2. If either dim(X) or dim(Y) is finite then T is compact.

Proof. 1. Since T has finite rank, the space Z = Im T is a finite-dimensional
normed space. Furthermore, for any bounded sequence {z,} in X, the
sequence {Tz,} is bounded in Z, so by the Bolzano-Weierstrass theorem
(1.10) this sequence must contain a convergent subsequence. Hence T is
compact.
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2. If dim X is finite then r(7T") < dim X, so r(7T') is finite, while if dim Y is
finite then clearly the dimension of Im 7" C Y must be finite. Thus, in

either case the result follows from the previous part of this proof.
O

Theorem 6.5. If X is an infinite-dimensional normed space then the identity
operator I on X is not compact.

Proof. Since X is an infinite-dimensional normed space the proof of Theorem
2.9 (see Thm 2.26 in [1] for details) shows there exists a sequence of unit vectors
{z} in X which does not have any convergent subsequence. Hence the sequence
{Iz,,} = {x,} cannot have a convergent subsequence, and so the operator I is
not compact. O]

Corollary 6.6. If X is an infinite-dimensional normed space and T € K(X)
then T s not invertible.

Proof. Suppose that T is invertible. Then, by Theorem 6.3, the identity oper-
ator I = T7'T on X must be compact. Since X is infinite-dimensional this
contradicts Theorem 6.5. O

Theorem 6.7. Let X, Y be normed spaces and let T € L(X,Y).

1. T is compact if and only if, for every bounded subset A C X, the set
T(A) C Y is relatively compact.

2. If T is compact the Im(T) and Im(T') are separable.

Proof. 1. Suppose that T" is compact. Let A C X be bounded and suppose
that {y,} is an arbitrary sequence in T'(A). Then for each n € N, there
exists z,, € A such that || y, — Tz, ||[< n~!, and the sequence {z,} is
bounded since A is bounded. Thus, by compactness of T', the sequence
{Tx,} contains a convergent subsequence, and hence {y,,} contains a con-
vergent subsequence with limit in T'(A). Since {y,, } is arbitrary, this shows
that T'(A) is compact. Now suppose that for every bounded subset A C X
the set T(A) C Y is relatively compact. Then for any bounded sequence
{zn} in X the sequence {T'z,} lies in a compact set, and hence contains
a convergent subsequence. Thus T is compact.

2. For any r € N, let R, = T'(B,(0)) C Y be the image of the ball B,.(0) C X.
Since T' is compact, the set R, is relatively compact and so is separable,
by Theorem 1.14. Furthermore, since Im T equals the countable union

U R,., it must also be separable. Finally, if a subset of Im T is dense in
r=1

Im T then it is also dense in Im 7" (ie. by Definition 1.7.6 given S C Im T'
we have S =Im 7, and Im 7' C Im T'), so Im T is separable.

O

Theorem 6.8. If X is a normed space, Y is a Banach space and {T} is a
sequence in K(X,Y) which converges to an operator T € B(X,Y), then T is
compact. Thus K(X,Y) is closed in B(X,Y).

13



Proof. Let {x,} be a bounded sequence in X. By compactness, there exists
a subsequence of {x,}, which we will label x,,(; ,y (where r = 1,2,...), such
that the sequence {T12,,)} converges. Similarly, there exists a subsequence
{Zn2,m} of {Tna,m} such that {Toa, 2y} converges. Also, {112, 2, } con-
verges since it is a subsequence of {T1x,(1,)}. Repeating this process induc-
tively, we see that for each j € N there is a subsequence {x,,(; )} with the prop-
erty: for any k < j the sequence {Tpx,(; )} converges. Letting n(r) = n(r,r),
for r € N, we obtain a single sequence {l’n(r)} with the property that, for
each fixed k € N, the sequence {T}2, ()} converges as 7 — oo. This so-called
“Cantor diagonalization” type argument is necessary to obtain a single sequence
which works simultaneously for all the operators T}, k € N.

We will now show that the sequence {T'z,(,)} converges. We do this by
showing that {7z} is a Cauchy sequence, and hence is convergent since Y’
is a Banach space.

Let € > 0 be given. Since the subsequence {z,,)} is bounded there exists
M > 0 such that || 2,y [|< M, for all » € N. Also, since || Ty — T [[— 0, as
k — oo, there exists an integer K > 1 such that || Tx —T' [|< 55;. Next, since
{TKxn(T)} converges there exists an integer R > 1 such that if ;s > R then
| Tk @p(ry — Tk n(s) |< §. Now we have, for 7, s > R

H T(En(r) — Txn(s) H
<N Ty = T o) | + | TkZney = TrTpes) || + | TrTns) — Tnes) |l

€
SI Tx =Tl @ngey 143+ 11 Tre = Tl @ngs) |l
€ € €
<—M+-+-—M
sar T3 3

=¢
which proves that {7z} is a Cauchy sequence. O

Corollary 6.9. If X is a normed space, Y is a Banach space and {T}} is a
sequence of bounded, finite rank operators which converge to T € B(X,Y), then
T is compact.

Proof. Theorem 6.4.2 shows {T}} are compact then we apply Theorem 6.8 [

Theorem 6.10. If X is a normed space, H is a Hilbert space and T € K(X,H),
then there is a sequence of finite rank operators {Ty} which converges to T in
B(XH).

Proof. If T itself had finite rank the result would be trivial, so we consider the
case that it does not. By Lemma 3.6 and Theorem 6.7 the set Im 7' is an infinite-
dimensional, separable Hilbert space, so by Theorem 3.16 it has an orthonormal
basis {e,}. For each integer k > 1, let Py be the orthogonal projection from
Im T onto the linear subspace My, = Sp{es,...,er}, and let T, = P,T. Since
Im Ty C My, the operator T}, has finite rank. We will show that || T —T [|[— 0
as k — oo.

Suppose that this is not true. Then, after taking a subsequence of the
sequence {T}} if necessary, there is an € > 0 such that || T, — T ||> € for all k.
Thus there exists a sequence of unit vectors 2 € X such that || (Tx —T)xy [|> §
for all k. Since T is compact, we may suppose that Tzp — y, for some y € H

14



(after again taking a subsequence, if necessary). Now, using the representation
of P, in Corollary 5.8, we have,

(Tk — T)ZL'k = (Pk — I)T:L'k
=Py — Dy + (P — )Tz — y)

[ee]

- Z (y,en)en + (Px — I Tz — y).
n=k+1

Hence, by taking the norms and using || P ||= 1 (from Theorem 5.7) we deduce
(using properties of norms) that

oo

1
< (T = Daw 1< (D (Wren))? +2 || Tae —y |-
n=k+1

€

2
The right-hand side of this inequality tends to zero as k — oo, which is a
contradiction, and so proves the theorem. O

Lemma 6.11. IfH is a Hilbert space and T € B(H), then r(T) = r(T*) (either
as finite numbers or as o). In particular, T has finite rank if and only if T*
has finite rank.

Proof. Suppose first that r(T) < oo. For any x € H, we write that the
orthogonal decomposition of x with respect to Ker T* as z = w + v, with
u € Ker T* and v € (KerT*)+ = ImT = ImT (since r(T) < oo). Thus
T*x = T*(u 4+ v) = T*v, and hence ImT* = T*(ImT), which implies that
r(T*) <r(T). Thus, »(T*) < r(T) when 7(T) < cc.

Applying this result to T*, and using (T*)* = T, we also see that r(T) <
r(T*) when r(T*) < co. This proves the lemma when both the ranks are finite,
and also shows that it is impossible for one rank to be finite and the other
infinite, and so also proves the infinite rank case. O

Theorem 6.12. If H is a Hilbert space and T € B(H), then T is compact if
and only if T* is compact.

Proof. Suppose that T is compact. Then by Theorem 6.10 there is a sequence
of finite rank operators {7}, }, such that || T,, — T ||— 0. By Lemma 6.11, each
operator T* has finite rank and, by Theorem 5.4, | T = T* ||=|| T, — T ||— 0.
Hence it follows from Corollary 6.9 that 7™ is compact. Thus, if T is compact
then T* is compact. It now follows from this result and (7*)* = T that if T* is
compact the T is compact, which completes the proof. O

Constructing a Compact Operator from Finite Rank Operators

One can build the Compact Operator T € B(¢?) defined by T{a, }{n"ta,}
from the finite rank operators Ty, € B(£?) where Ty{a,} = {b*} and b} =n"la,
when n < k and b¥ = 0 when n > k. Thus for any a € ¢2

H (Tk _ T)a ||2: - |an|2 < (k + 1)—2 — |an|2 < || a H2
> s 2 Stz
n=k+1 n=k+1

and therefore
| T =TI (k+1)"1 —0
The result follows from Corollary 6.9.
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7 Spectral Theory of Compact Operators

Definition 7.1. Let H be a Hilbert space and let S € B(H). We define the
sets

oS) ={A € C:T — Al is not invertible}
op(S) = {A: X is an eigenvalue of S}
p(S) = C\a(S5)

We denote the spectrum of T by o(T), the set 0,(S) is the point spectrum of S,
and p(S) is the resolvent set of S.

Theorem 7.2. If H is infinite-dimensional then 0 € o(T). If H is separable
then either 0 € 0,(T) or 0 € o(T)\o,(t) may occur. If H is not separable then
0€0,(T).

Proof. See [1] O
Theorem 7.3. If A # 0 then Ker(T - AI) has finite dimension.

Proof. Suppose that M = Ker(T — AI) is infinite-dimensional. Since the kernel
of a bounded operator is closed (by Lemma 4.6), the space M is an infinite-
dimensional Hilbert space, and there is an orthonormal sequence {e,} in M (by
Theorem 3.15). Since e, € Ker(T' — AI) we have Te,, = e, for each n € N, and
since A # 0 the sequence {)\e,} cannot have a convergent subsequence, since
{en} is orthonormal (a contradiction arises as the subsequence would be Cauchy
but for any 2 elements || e, — e, ||= v/2). This contradicts the compactness of
T, which proves the theorem. O

Theorem 7.4. If X\ # 0 then Im(T - \I) is closed.

Proof. Let {y,} be a sequence in Im(T — A\I), with lim y, = y. Then for each
n—oo

n we have y, = (T — AI)x,, for some z,,, and since Ker(T — AI) is closed, z,, has
an orthoganal decomposition of the form x,, = u, + v,, with u,, € Ker(T — X)
and v,, € Ker(T — AI)*. We will show that the sequence {v,} is bounded.
Suppose not. Then, after taking a subsequence if necessary, we may suppose
that || vy, ||# 0, for all n, and nh_{lgo | v ||= c0. Putting w,, = =52,

we have w,, € Ker(T — A )%, || wy, ||=1 (so the sequence {w,,} is bounded) and

Yn
[[on |

(T — AX)w,, = —0,

since {y, } is bounded (because it is convergent). Also, by the compactness of T'
we may suppose that {T'w, } converges (after taking a subsequence if necessary).
By combining these results it follows that the sequence {w,} converges (since
A #0). Letting w = lim w,, we see that || w ||= 1 and
n—oo
(T —M)w = lim (T — A)w, =0,
n—oo
so w € Ker(T — \I). However, w,, € Ker(T — XI)* so

|| w—w, ||2:(w—wn,w—wn):1+1:2,
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which contradicts w,, — w. Hence the sequence {v,} is bounded.

Now, by the compactness of T' we may suppose that {Tv,} converges. Then
vy = AT, — (T — M)vy,) = A (Tv, —yy), for n € N, so the sequence {v,, }
converges. Let its limit be v. Then

y= lim y, = lim (T — A)v, = (T — X )v,

n—oo n—oo

and so y € Im(T — AI). This proves that Im(T — AI) is closed. O
Corollary 7.5. If A £ 0 then

Im(T — X) = Ker(T* — )+, Im(T* = XI) = Ker(T — \)*

Proof. Since T* is compact we apply Theorems 7.3 and 7.4 showing IM(T* —XI)
is closed when A £ 0. Thus applying Corollary 3.12 and Lemma 5.5 we prove
our result. O

Theorem 7.6. For any real t > 0, the set of all distinct eigenvalues \ of T
with |\ >t is finite.

Proof. Suppose instead that for some tg > 0 there is a sequence of distinct eigen-
values {\,, } with [A,| > to for all n, and let {e, } be a sequence of corresponding
unit eigenvectors. We will now construct, inductively, a particular sequence of
unit vectors{y,}. Let y; = e;. Now consider any integer k¥ > 1. By Lemma 1.5
the set {ej,...,ex} is linear independent, thus the set My = Sp{ey,...,er} is
k-dimensional and so is closed by Corollary 2.8. Any e € My, can be written as
e =aie1 + ...+ areg, and we have

(T — XM De=ar(M —Ap)er+ ...+ ap—1(A—1 — Ap)eg—1,
and so if e € My,
(T — M D)e € My_;.
Similarly, if e € My,
Te e M.

Next, My, is a closed subspace of M1, so the orthogonal complement of My,
in Mj41 is a non-trivial linear subspace of My 1. Hence there is a unit vector
Yk+1 € Mgy such that (ygy1,e) = 0 for all e € My, and || ypr1 —e ||> 1.
Repeating this process inductively, we construct a sequence {y,, }.

It now follows from the construction of the sequence {y,} that for any inte-
gers m,n with n > m,

I Tyn = Tym 1= Al | yn = A0 (T = A)yn + Tym] 1> [Xa] > to

since by the above results, —(T — A\)yn + TYm € My —1. This shows that the
sequence {T'y,} cannot have a convergent subsequence. This contradicts the
compactness of T', and so proves the theorem. O

Corollary 7.7. The set 0,(T) is at most countably infinite. If {\,} is any
sequence of distinct eigenvalues of T then lim A, = 0.
n—oo
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Proof. We apply the previous theorem to the union of finite sets of eigenvalues
Awith A>7r~1 withr=1,2,... O]

Lemma 7.8. If T has finite rank and X\ # 0, then either: (a) A € p(T) and
A€ p(T*); or (b) X € 0,(T) and X € 0,(T*). Furthermore,

n(T — M) =n(T* — ) < 00

Proof. Let M = ImT and N' = KerT* = M~ (by Lemma 5.5). Since M is
finite-dimensional it is closed, co any = € H has an orthogonal decomposition
z =u+wv, with u € M, v € N. Using this decomposition, we can identify any
x € H with a unique element (u,v) € M x N, and vice versa (alternatively, this
shows that the space H is isometrically isomorphic to the space M x N). Also,

(T—-X)(u+v)=Tu—Au+Tv— v,

and we have Tu — Au € M, Tv — M € N. It follows from this that we can
express the action of the operator (T — AI) in matrix form by

(T — AI) m — [(T - 31 )l IA’WN] m

where (T'— M)|pm € B(M), Ty € B(N, M), and I|yy € B(N) denote the
restrictions of the operators T — M\, T, and I to the spaces M and N. We
now write A = (T — AI)| . It follows from Lemma 1.4 and Corollary 4.11 that
either A is invertible (n(A) = 0) or n(A)> 0, and so, either T'— AI is invertible
or n(T — M) = n(A) > 0 (see Exercise 7.18 of [1]), that is, either A € p(T") or
A€ op(T).

Now let Ppq, Py denote the orthogonal projections of H onto M, A/. Using
I = Py + Py and N =KerT*, we have

(T* =X (u+v) = (T* = X)u— v = Py(T* — X)u + PyT*u — \v.

Hence T* — A\I can be represented in matrix form by

e S e s M I

Also, A* = Py(T* — X)|pm € B(M) as, for all u, w € M, (Au,w) = (T —
A)u,w) = (u, (T* — MN)w) = (Ppu, (T* — X)) w) = (u, Ppm(T* — M)w). Again
by finite-dimensional linear algebra, n(A*) = n(A). It now follows (see Exercise
7.18 of [1]) that if n(A) = 0 then T — AT and T* — \I are invertible, while if n(A)
> 0 then n(T — AI)=n(T* — X ) =n(A) > 0,0 A € 0,,(T) and X € 0,,(T*). O

Lemma 7.9. Let X be a normed space and S, A € B(X), with A invertible.
Let T = SA. Then

1. T is invertible if and only if S is
2. n(T =n(S)

Proof. 1. If S is invertible then A~1S~! is a bounded inverse for T , so T
is invertible. Also, S = TA™! | so a similar argument shows that if 7" is
invertible then S is invertible
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2. z € KerT if and only if Az € KerS. A is invertible and thus full rank,
so it preserves the dimension of the null-space. giving the result.
O

Theorem 7.10. If T is compact and X # 0, then either (a) A\ € p(T) and
A€ p(T*); or (b) X € 0,(T) and X € 0,(T*). Furthermore,

n(T — M) =n(T* — M) < 00

Proof. We first reduce the problem to the case of a finite rank operator. By
Theorem 6.10 there is a finite operator Tp on H with || A™1(T — Tr) ||< 3, so
by Theorem 4.8 and Lemma 5.6, the operators S = I —A\~}(T' —TF) and S* are
invertible. Now, letting G = TrS~! we see that

T — X = (G —\)S, and so T* — X\ = S*(G* — \I).

Since S and S* are invertible it follows that 7" — Al and T* — AI are invertible
if and only if G — Al and G* — AI are invertible, and n(T — \) = n(G — XI),
n(T* — XI) = n(G* — X\I) by Lemma 7.9. Now, since InG C ImTF the operator
G has finite rank, so the first results of the theorem follow from Lemma 7.8. [

This can be restated as follows.

Theorem 7.11. Given A\ € C, H is an infinite dimensional Hilbert space,
T e K(H)

e IfA=0then A=0¢€o(T)

o IfXN#0, A€ o(T) then A € 0,(T) (ie is an eigenvalue).
which together implies,

e o(T) ={0}Uo,(T)

e ie a non zero complex number in the spectrum of a compact operator is
and eigenvalue

Consider the following equations:

(T — M)z =0, (T* — M)y =0, (7.0.1a)
(T = M)z =p, (T* = X))y = q, (7.0.1b)

Theorem 7.12. (The Fredholm Alternative)
If X #£ 0 then one or the other of the following alternatives holds.

1. Each of the homogeneous equations (7.0.1a) has only the solution x =0,
y = 0, respectively, while the corresponding inhomogeneous equations (7.0.1b)
have unique solutions x, y for any given p,q € H.

2. There is a finite number my > 0 such that each of the homogeneous equa-
tions (7.0.1a) has exactly my linearly independent solutions, say T, Yn,
n=1,...,my, respectively, while the corresponding inhomogeneous equa-
tions (7.0.1b) have solutions if and only if p, q € H satisfy the conditions

(p7yn):07 (Q7xn):07 n=1,...,my.
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Proof. The result follows immediately from Theorem 7.10. Alternative (a) cor-
responds to the case A € p(T), while alternative (b) corresponds to the case
A € 0,(T). In this case, my = n(T — AI). It follows from Corollary 7.5 that
the conditrions on p,q in (b) ensure that p € Im(T — A\I), ¢ € Im(T* — \I),
respectively, so solutions of (7.0.1b) exist. O

In applied math and physics many problems can be brought to the form

Ru=f (7.0.2)

Where R is a linear operator and f is a give function (or data).

Definition 7.13. Equation (7.0.2) (or the corresponding physical model) is
said to be well-posed if the following properties hold:

1. A solution u exists for every f.
2. The solution u is unique for each f.
3. The solution u depends continuously on f in a suitable sense.

An Operator with no Eigenvalues but which does have a Spectrum

The Linear Operator S : 2 —s ¢2 defined by S(z1, x2,73,...) = (0,21, T2, 23, ..

is called the unilateral shift operator. Its norm is given by || S ||= Sup{|S(z)] :||
z||< 1,z € 2}

Result
The unilateral shift has no eigenvalues (0, = @).

Proof. Consider A and eigenvalue of S with corresponding non-zero eigenvector
x = {x,}. Then

S(x) = (0,21,22,...) = (Az1, Az2, .. .)

If A = 0 then x must be the zero vector, and if A # 0 x must still be the zero
vector. x is non-zero so no eigenvalues are valid. O

The unilateral shift does have a spectrum though (See Example 6.38 in [1]).
In fact o(S) ={A e C: N\ <1}

Remark

It would be nice to have a class of operators which was guaranteed to have
o(T) = 0,(T) or at least something close to it. A good choice is the Compact
Operators. They have o(T) = {0} o,(T).

20
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8 Applications

The previous results can be used to solve a variety of problems in applied math
and physics, Fredholm and Volterra Integral Equations, Differential Equations,
Eigenvalue Problems and Green’s Functions, Dirichlet problem for Heat, Wave,
and Laplace Equations to name a few. These would make interesting future
avenues of research.

Furthermore the C*-Algebra of Compact Operators is isomorphic to the
Density Operators from Quantum Mechanics. These operators are used to de-
scribe impure (entangled states) and are commonly part of graduate courses in
Quantum Mechanics. It would be interesting to explore the connections between
the fields at some point.

21



References

1

2]

B8l

(4]

Bryon Rynne and M.A. Youngson, Linear Functional Analysis (2nd Edition),
Springer-Verlag London Limited (2008)

Béla Bollobds, Linear Analysis (2nd Edition), Cambridge University Press
(1999)

Richard Haberman, Applied Partial Differential Equations with Fourier Series
and Boundary Value Problems (4th Edition), Pearson Education Inc. (2004)

David J. Griffiths, Introduction to Quantum Mechanics (2nd Edition), Pearson
Education Inc. (2005)

22



