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Abstract

This project focuses on analyzing the Newton-Raphson Method and the
Arithmetic Mean Newton Method, and using these methods to solve
system of nonlinear equations.

This paper also gives a numerical example to demonstrate
the Newton-Raphson Method and the Arithmetic Mean Newton Method by
using the computer program Matlab.
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Introduction

Numerical methods are used to approximate solutions of equations when
exact solutions can not be determined via algebraic methods. They construct
successive approximations that converge to the exact solution of an equation or
system of equations. In Math 3351, we focused on solving nonlinear equations
involving only a single variable. We used methods such as the Newton-Raphson
Method, the SecantMethod, and the Bisectionmethod. However these problems
only focused on solving nonlinear equations with only one variable, rather than
nonlinear equations with several variables.

The goal of this paper is to examine two different numerical methods that
are used to solve systems of nonlinear equations in several variables. The
first method we will look at is the Newton-Raphson Method. This will be
followed by the Arithmetic Mean Newton’s Method, which is derived from the
Newton-Raphson Method. For each method, a breakdown of each
numerical procedure will be provided. In addition, there will be some
discussion of the convergence of the numerical methods, as well as the
advantages and disadvantages of each method. After a discussion of each of the
two methods, we will use the computer program Matlab to solve an example of
a system of nonlinear equations using both the Newton-Raphson Method and
the Arithmetic Mean Newton’s Method.

4



Chapter 1 Preliminaries

1.1 Jacobian Matrix

Definition. 1.1 Let f : IRn → IRn be a function with partial derivatives. The
Jacobian matrix is a matrix of first order partial derivatives

J(x) =



∂f1
∂x1

(x) ∂f1
∂x2

(x) · · · ∂f1
∂xn

(x)

∂f2
∂x1

(x) ∂f2
∂x2

(x) · · · ∂f2
∂xn

(x)

... ... · · · ...

∂fn
∂x1

(x) ∂fn
∂x2

(x) · · · ∂fn
∂xn

(x)


Example 1.

Let

f1(x, y, z)f2(x, y, z)

f3(x, y, z)

 =

xcosyxsiny

z

 ,

J(x) =



∂f1
∂x1

(x) ∂f1
∂x2

(x) ∂f1
∂x3

(x)

∂f2
∂x1

(x) ∂f2
∂x2

(x) ∂f2
∂x3

(x)

∂f3
∂x1

(x) ∂f3
∂x2

(x) ∂f3
∂x3

(x)

 =

cosy −xsiny 0

siny xcosy 0

0 0 1

 .
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1.2 The Taylor Series

Let f : IR→ IR be a function which is (n+ 1)–times differentiable.

f(x) = f(xi) + f ′(xi)(x− xi) +
f ′′(xi)

2!
(x− xi)2 + · · ·

+
f (n)(xi)

n!
(x− xi)n +Rn,

where Rn is a reminder term such that Rn=f
(n+1)(ξ)
(n+1)! (x− xi)

(n+1), ξ is a value of
x that lies somewhere between xi and x.

1.3 Nonlinear Function

A function f : IRn → IR is defined as being nonlinear when it does not satisfy
the superposition principle that is

f(x1 + x2 + · · · ) 6= f(x1) + f(x2) + · · ·

for some x1, x2, ... ∈ IRn

1.4 A System of Nonlinear Equations

A system of nonlinear equations is a set of equations as the following:

f1(x1, x2, · · · , xn) = 0,

f2(x1, x2, · · · , xn) = 0,

f3(x1, x2, · · · , xn) = 0,

where (x1, x2, · · · , xn)T ∈ IRn and fi : IRn → IR is a nonlinear real function,
i = 1, 2, · · · , n.
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Chapter 2 Newton-Raphson Method

In numerical analysis, the Newton-Raphson Method is a method for
finding successively better approximations to the roots (or zeros) of a real-valued
function.

2.1.Newton-Raphson Method

The Newton-Raphson Method originates from the Taylor’s series
expansion of the function f(x) about the point xk:

f(x) ≈ f(xk) + (x− xk)f ′(xk) +
1

2!
(x− xk)2f ′′(xk) + · · · +

1

n!
(x− xk)nf (n)(xk).

Now take the first two terms of the expansion,

f(x) ≈ f(xk) + (x− xk)f ′(xk).

Assume that x = xk+1 is a solution of the equation f(x) = 0, then

0 = f(xk) + (xk+1 − xk)f ′(xk).

Rearranging this equation, we get

xk+1 = xk −
f(xk)

f ′(xk)
.

For more clarity, we set this form

xNk+1 = xk −
f(xk)

f ′(xk)
(1)

for the Newton-Raphson Method.
From the form above, we can observe that the third order accurate variants

have a similar form:
xk+1 = xk −

f(xk)

A(xk)
,
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given
A(xk) =

1

2
[f ′(xNk+1) + f ′(xk)],

then it is called the Arithmetic Mean Newton’s Method.
We discuss more about this method in the next chapter.
The general form of the Newton-Raphson Method can only be used to solve

nonlinear equations with a single variable. Therefore, in order to solve a system
of nonlinear equations involving multiple variables, we need to alter the general
form of the Newton-Raphson Method.

We express a system of nonlinear equations as a vector fromV(x) = 0,
i.e., 

f1(x1, x2, ..., xn)

f2(x1, x2, ..., xn)
...

fn(x1, x2, ..., xn)

 =


0

0
...
0

 ,
where x = [x1x2 · · ·xn]T ∈ IRn V : IRn → IRn, fi : IRn → IR, and the
Newton-Raphson Method as a matrix with a corresponding vector,

x(α) = x(α−1) − J[x(α−1)]−1V[x(α−1)] [1],

x ∈ IRn, α represents the iteration, α = 1, 2, · · · , n, and

J−1(x) =



∂f1
∂x1

(x) ∂f1
∂x2

(x) · · · ∂f1
∂xn

(x)

∂f2
∂x1

(x) ∂f2
∂x2

(x) · · · ∂f2
∂xn

(x)

... ... · · · ...

∂fn
∂x1

(x) ∂fn
∂x2

(x) · · · ∂fn
∂xn

(x)



−1

.
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This procedure of the Newton-Raphson Method is for solving systems of
nonlinear equations.

Letx(0) be a given initial vector,x(0)=(x(0)1 , x
(0)
2 , · · · , x(0)n )T, lety = [y1 y2 · · · yn]T

and
y(0) = −J[x(0)]−1V[x(0)],

Rearranging this equation we get

J[x(0)]y(0) = −V[x(0)].

We obtain y(0) after solving the system above.

Generally,
y(α−1) = −J[x(α−1)]−1V[x(α−1)],

obtain
x(α) = x(α−1) + y(α−1).

Oncey(0) is given, we can getx(1) from the process, which is the first iteration.
So

x(1) = x(0) + y(0) =


x
(0)
1

x
(0)
2...
x
(0)
n

+


y
(0)
1

y
(0)
2...
y
(0)
n

 .
We repeat this process until x(α) converges to x∗, thus x∗ is a solution of

V(x) = 0.

2.2 Order of Convergence

Definition. 2.1. If the sequence Sk converges to S, in such a way that

lim
k→∞

Sk+1 − S
(Sk − S)m

= C,
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where C is constant and C 6= 0, m ≥ 1 is the order of convergence of the
sequence Sk, then it is said that Sk converges to S of orderm with constant C.
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Chapter 3ArithmeticMeanNewton’sMethod

From Chapter 2, we know that the Arithmetic Mean Newton’s Method is
given as the following form:

xk+1 = xk −
f(xk)

A(xk)
, (2)

where
A(xk) =

1

2
[f ′(xNk+1) + f ′(xk)].

We see in Chapter 2 that Newton-RaphsonMethod can be derived from a second
order accurate limited Taylor Series. In this way, we also can show that the
Arithmetic Mean Newton’s Method can be derived from a third order accurate
limited Taylor Series Expansion. We consider the Taylor Series Expansion of
f(x) at the point xk:

f(x) = f(xk) + (x− xk)f ′(xk) +
1

2
(x− xk)2f ′′(xk) +O[(x− xk)3]. (3)

Take derivative on both sides, we have

f ′(x) = f ′(xk) + (x− xk)f ′′(xk) +O[(x− xk)2]. (4)

Neglecting the reminder terms, from equation (3) we obtain

f(x) ≈ f(xk) + (x− xk)f ′(xk) +
1

2
(x− xk)f ′′(xk)(x− xk). (5)

From equation (4) we obtain

(x− xk)f ′′(xk) ≈ f ′(x)− f ′(xk). (6)

Replacing (6) into (5) we obtain,

f(x) ≈ f(xk) + (x− xk)f ′(xk) +
1

2
[f ′(x)− f ′(xk)](x− xk)

= f(xk) + (x− xk)f ′(xk) +
1

2
f ′(x)(x− xk)−

1

2
f ′(xk)(x− xk),
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thus,
f(x) ≈ f(xk) +

1

2
(x− xk)[f ′(x) + f ′(xk)].

Suppose that xk+1 is a solution of f(x) = 0, i.e., f(xk+1) = 0, then

f(xk+1) +
1

2
(xk+1 − xk)[f ′(xk+1) + f ′(xk)] = 0.

Hence we get

xk+1 = xk −
f(xk)

1
2 [f
′(xk+1) + f ′(xk)]

.

In order to have an explicit method, we approximate f ′(xk+1) by f ′(xNk+1),
xNk+1 is obtained by using Newton-Raphson Method given by equation (1).

Therefore we obtain the Arithmetic Mean Newton’s Method for solving a
nonlinear equation with a single variable.

Theorem. 3.1.[2] Let f be a real function. Assume that f(x) has first, second and
third derivatives in the internal (a, b). If f(x) has a simple root x∗ ∈ (a, b), and
x0 is sufficiently close to x∗, then the ArithmeticMeanNewton’sMethod defined
by equation (2) has third order convergence and satisfy the error equation:

ek+1 = (c22 +
1

2
c3)e

3
k +O(e4k),

where ek = xk − x∗ and constants cj = f (j)(x∗)
j!f ′(x∗) for j = 2, 3.

Definition. 3 .1 [3 ] Let X = (X, d) be a metric space. A mapping T: X→ X is
called a contraction on X if there is a positive real number α < 1 such that for
all x, y ∈ X

d(Tx, Ty) ≤ αd(x, y).

Theorem. 3.2 Banach fixed point theorem[3]

Consider a metric space X = (X, d), where X 6= ∅. Suppose that X is
complete and let T: X → X be a contraction on X. Then T has precisely one
fixed point.
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Remark. A metric space X is called complete (or a Cauchy space) if
every Cauchy sequence of points in X has a limit that is also in X or
alternatively, if every Cauchy sequence inX converges in X.

Note: Cauchy sequence is a sequence progresses. More precisely, given any
small positive distance, all but a finite number of elements of the
sequence are less than that given distance from each other.

Theorem. 3.3.[4] Let f be real valued and thrice continuously
differentiable on an interval [a, b], and let X∗ be a simple zero of f in (a,b), the
Arithmetic Mean Newton’s Method is a contraction in some
neighbourhood of X∗ where the function value is assumed to be small enough.

Remark. The contractive property of the Arithmetic Mean Newton’s Method
ensures that the sequence (xk)

∞
k=0 converges to (x∗) for any starting point x0

sufficiently close to x∗, using Banach fixed point theorem. For example, we may
choose x0 ∈ N(x∗), to guarantee convergence.

Let the Jacobian ofV be denoted by

J(x(k)) =
[
∂V
∂Xx(k)

]
.

The linear form of the multi-dimensional Arithmetic Mean Newton’s Method is
given by

V
(k)
L (x) = V(x(k)) +A(x(k))(x− x(k))

where the matrixA at x(k) is given by

A(x(k)) =
1

2
[(J(x(k))) + J(x

(k+1)
N )]

and
x
(k+1)
N = x(k) − J(−1)(x(k))V(x(k)).

We solve the linear model by setting it to zero at the next iterate x(k+1), that
is,V(k+1)

L (x) = 0.

Therefore, the Arithmetic Mean Newton’s Method in multi-dimensions is
given as following formula,
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x(k+1) = x(k) −A−1(x(k))V(x(k)), k = 0, 1, 2, 3, 4, ...,

where A(x(k)) =
1

2
[(J(x(k))) + J(x

(k+1)
N )],

x
(k+1)
N = x(k) − J−1(x(k))V(x(k)),

andA−1(xk) is the inverse of the matrixA(xk).

Remark. We first use the Newton-Raphson Method to evaluate J(x(k+1)), and
then accelerate the Newton-Raphson Method to third order
convergence using the matrixA(xk) instead of the Jacobian matrix J(xk).

Definition. 3 .2 [5 ] A Lipschitz continuous function is limited in how fast it can
change: there exists a definite real number such that for every pair of points on
the graph of this function, the absolute value of the slope of the line connecting
than is not greater than this real number; this bound is called a Lipschitz constant
of the function. For instance, every function that has bounded first derivatives
is Lipschitz.

Definition. 3 .3 [6 ] The non-linearity of a function f(x) : IRn → IR is
determined by the size of the Lipschitz constant C of its vector of its first
derivative (∂f∂x) in a closed and connected set D.

Definition. 3 .4 [6 ] The Lipschitz constant C for a non-linear operator L is defined
in the classical sense as the smallest constant satisfying

||L(x1)− L(x0)|| ≤ C|| x1 − x0||

for all x0, x1 ∈ D

Theorem. 3 .4 [6 ]Considering theNewton-RaphsonMethod iterateswithin a con-
vergence radius r around the root x∗, we demand that the
Jacobian is Lipschitz continuous with constant CJ . Furthermore, the
condition

||J−1(x∗)|| ≤ m
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m ∈ IR is imposed on the inverse Jacobian at the root. Then, for each iteration
k,

||x(k+1)
N − x∗|| ≤ mcJ ||x(k) − x∗||2 → 0 as k →∞.

From the following theorem we can see the Arithmetic Mean Newton’s
Method is convergent.

Theorem. 3 .5 [4 ] Considering the iterates of the Arithmetic Mean Newton’s
Method within α convergence radius r around the root x∗, we demand that the
Jacobian is Lipschitz continuous with constant CJ and the Hessian is Lipschitz
continuous with constant CH , Furthermore, the condition

||J−1(x∗)|| ≤ m

is imposed on the inverse Jacobian at the root. Then, for each iteration k,

||x(k+1) − x∗|| ≤ 4

15
mcH ||x(k) − x∗||3 → 0, as k →∞.

Remark. Hessian matrix is a square matrix of second-order partial derivatives
of a scalar-valued function, or scalar field. It discribes the local curvature of a
function of many variables.

Suppose f : IRn → IR is a function taking as input a vector x ∈ IRn and
outputting a scalar f(x) ∈ IR; if all second partial derivatives of f exist and are
continuous over the domain of the function, then the Hessian matrix H of f is a
square n× n matrix, usually defined and arranged as follows:

H =



∂2f
∂x21

∂2f
∂x1∂x2

· · · ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x22

· · · ∂2f
∂x2∂xn

... ... . . . ...

∂2f
∂xn∂x1

∂2f
∂xn∂x2

· · · ∂2f
∂x2n


.
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Chapter 4 Numerical Example

Example 4.1. Find the approximation to the solution of the system:

f1(x1, x2) =x
2
1 + x1x2 − 10 = 0,

f2(x1, x2) =x2 + 3x1x
2
2 − 57 = 0,

with initial guess x(0) =

[
0

0.6

]
.

We first use Newton-Raphson Method to solve this problem:

V(x) =

[
x21 + x1x2 − 10

x2 + 3x1x
2
2 − 57

]
, J(x) =

[
2x1 + x2 x1

3x22 1 + 6x1x2

]
,

then plug x(0) into V(x) and J(x) , we obtain

V(x(0)) =

[
x21 + x1x2 − 10

x2 + 3x1x
2
2 − 57

]
=

[
−10
−56.4

]
,

J(x(0)) =

[
2x1 + x2 x1

3x22 1 + 6x1x2

]
=

[
0.6 0

1.08 1

]
.

Recall that the Newton-Raphson Method to solve a system of nonlinear
equations with multiple variables is:

x
(k+1)
N = x(k) − J−1(x(k))V(x(k)),

set y(0) = J−1(x(0))V(x(0)), J(x(0))y(0) = V(x(0)),

i.e. [
0.6 0

1.08 1

][
y
(0)
1

y
(0)
2

]
=

[
−10
−56.4

]
,
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then x(1) = x(0) − y(0) =

[
16.6667

39.0000

]
.

This is the first iteration by using Newton-Raphson Method.
Repeat the process by using matlab, we get the results in Table 1:

α x
(α)
1 x

(α)
2 e(α)%

0 0 0.6
1 16.6667 39.0000 100
2 5.4449 32.6357 206.0953
3 1.4518 28.3116 275.0410
4 0.6975 21.6537 108.1337
5 0.8280 9.3281 132.1333
6 1.5349 1.8717 398.3756
7 1.9020 3.7985 50.7250
8 1.9728 3.0726 23.6259
9 1.9998 3.0000 2.4186
10 2.0000 3.0000 0.0089
11 2.0000 3.0000 2.8461× 10−7

12 2.0000 3.0000 1.6175× 10−14

Table 1. Numerical Results from Newton-Raphson Method

Notice that it takes 12 iterations to get the solution which is x1 = 2, x2 = 3, and

e(α) = max

{∣∣∣∣∣x(α)1 − x
(α−1)
1

x
(α)
1

∣∣∣∣∣ ,
∣∣∣∣∣x(α)2 − x

(α−1)
2

x
(α)
2

∣∣∣∣∣
}
× 100%. .

Using matlab to plot the two nonlinear equations we obtain Figure 1. Blue
curve is for f1(x1, x2) = 0, and red curve is for f2(x1, x2) = 0. The intersection
of these two curves is the solution of this nonlinear systemof nonlinear equations.

We now use the Arithmetic Mean Newton’s Method to solve this nonlinear
system.
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Figure 1: Solution of the nonlinear system

We start with the initial guess x(0) to get the first iteration by using the
Newton-Raphson Method :

x
(1)
N = x(0) − J−1(x(0))V(x(0)),

then plug the initial guess x(0) and x
(1)
N into the Jacobian matrix to getA(x(0)):

A(x(0)) =
1

2
[(J(x(0))) + J(x

(1)
N )].

Submit A(x(0)) into the Arithmetic Mean Newton’s Formula we have the first
iteration:

x(1) = x(0) −A−1(x(0))V(x(0)).

Repeat this process we obtain the results, by using matlab, in Table 2. We
can see that it only takes 6 iterations.
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α x
(α)
1 x

(α)
2 e(α)(%)

0 0 0.6
1 0.3652 0.2017 197.4860
2 1.8386 6.3577 96.8276
3 1.8882 3.2882 93.3492
4 2.0002 2.9993 9.6337
5 2.0000 3.0000 0.0241
6 2.0000 3.0000 2.3755× 10−10

Table 2. Numerical Results from Newton-Raphson Method

Comparing the two group of results, we see that the Arithmetic Mean
Newton’s Method converges faster than the Newton-Raphson Method.
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Conclusion

It is well known that the rate of convergence of Newton-Raphson Method
is 2. However, from Theorem 3.1 and Theorem 3.5 we know that the rate
of convergence of the Arithmetic Mean Newton’s Method is 3. Our numerical
results in Chapter 4 also demonstrate that theArithmeticMeanNewton’sMethod
converges faster than the Newton-Raphson Method.

Whenwe use the Newton-RaphsonMethod or the ArithmeticMeanNewton’s
Method to solve a system of nonlinear equations with multiple variables, the
initial value is very important. If you have chosen a "nice" initial guess, then the
nonlinear system is likely to converge to the solution of your nonlinear system,
otherwise, it may fail to converge, and this will have the chance to result in an
oscillation between points.

Unfortunately, the Arithmetic Mean Newton’s Method cannot cover this
disadvantage of the Newton-Raphson Method.
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