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affects forest growth patterns at different stages of the forest’s growth. Common alloca-
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tion models usually express the carbon allocation as linear or monotonic functions of time.
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These models are acceptable for a limited growth period, but inadequate for simulating
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long-term development of a forest. To improve the usefulness of these models and simplify
the model structure, we developed an analytical solution to partition NPP that considers the
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effects of litterfall and growth rate. We derived NPP allocation functions based on functions

Carbon allocation

for the net growth rate (dry mass) and based on empirical growth curves estimated from
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normal yield tables for northern Ontario, Canada. The improved allocation reﬂects growth

Process-based model

restrictions that arise in overmature stands according to different site classes across land-
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scape. The details of the derivation and parameterization are presented and discussed. We

Black spruce

validated the new NPP allocation functions for black spruce (Picea mariana) in the boreal forest of northern Ontario. The improved NPP allocation simulated the NPP dynamics of forest
ecosystems more accurately over the course of stand development, and the results were
biologically realistic.
© 2005 Elsevier B.V. All rights reserved.

1.

Introduction

In most process-based forest ecosystem models, carbon allocation is a key process, and the gross primary productivity (GPP) derived from leaf photosynthesis is divided among
metabolic processes such as respiration and net primary productivity (NPP). NPP is then partitioned between litterfall and
the structural material that comprises three main biomass
components (stem, roots, and foliage). As a result of currently
limited knowledge of the internal processes that govern this
partitioning, the mechanisms that determine the amount of
∗

carbon allocated to any part of a tree are not well understood
(Cannell and Dewar, 1994; Landsberg and Waring, 1997). The
resulting uncertainty in modeling of carbon allocation makes
it difﬁcult to simulate the carbon acquisition and growth patterns of trees and to estimate litterfall and ﬁne root turnover.
This presents a big challenge in the development of models
for simulating the carbon dynamics of forest ecosystems.
Since the late 1980s, a number of ecological models, including both process-based and hybrid models, have been developed for simulating ecosystem processes and the development of forest stands. Existing approaches to NPP allocation
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fall into three main categories: (1) mechanistic models (e.g.,
TREGRO: Weinstein et al., 1991; FIWALD: Schall, 1991; TREEDYN3: Bossel, 1996) specialize in using priorities in phenology and nutrient status to govern NPP allocation (Tiktak and
Grinsven, 1995). They usually assume that, for example, respiration needs must be satisﬁed ﬁrst, and only then is carbon
allocated in turn to leaves, ﬁne roots, fruits, and stems. The
carbon allocation is considered to be affected by nutrient levels
during the growth period, but not by biological and environmental restrictions that change as a function of tree age. (2)
Empirical functions depend on the tree’s age or diameter at
breast high (DBH) (e.g., FOREST-BGC: Running and Coughlan,
1988; FAGUS: Hoffmann, 1995; 3-PG: Landsberg and Waring,
1997; NITGRO: Battaglia et al., 1999; CenW: Kirschbaum, 1999;
ASPECTS: Rasse et al., 2001). The NPP allocation is calculated
based on age or DBH using empirical parameters, allometric
relationships, and trend lines. (3) Empirical constants are used
to deﬁne allocation ratios (e.g., Century 4.0: Parton et al., 1993;
NICCCE: van Dam and van Breemen, 1995; SIMA: Kollomäki,
1998; SIERRA: Mouillot et al., 2001). Generally speaking, the
empirical functions have been widely developed and used
based on how allocation is affected by growth conditions.
Many these models have been successfully used to simulate
stand development and have captured the actual status of NPP
allocation in a stand. However, the parameters of the NPP allocation functions have reﬂected only empirical estimates for
speciﬁc locations, and there was no methodology that could
parameterize the functions so they could be adapted to different forest ecosystems. The allocation functions also did not
interpret the dynamics of NPP allocation in tree growth for
overmature forests. They are thus inadequate for simulating
long-term development of a forest ecosystem.
The object of the present study was to develop a general approach for partitioning NPP when simulating overmature stands in the boreal forest ecosystems of Canada. We
present an analytical solution that expresses the dynamic
aspects of NPP allocation. The NPP allocation functions were
derived based on the net rates of dry mass production and on
empirical growth curves such as the normal yield tables developed by Plonski (1974). These functions improved the empirical NPP allocation models described above, and reﬂected the
growth restrictions that occur in overmature stands for various species and site classes. The details of the derivation and
parameterization of these functions is presented. We also validated the NPP allocation functions using data for black spruce
(Picea mariana) in the boreal forest of northeastern Ontario,
Canada.

2.

Methods

2.1.

NPP allocation functions

In the processes responsible for NPP allocation, different partitions affect the growth patterns of each tree component and
the ﬁnal results of the NPP simulation during different periods
of the tree’s life. As a broadly accepted empirical function, NPP
allocation is primarily constructed based on two assumptions:
ﬁrst, carbon allocation can be estimated using allocation coefﬁcients, as shown in Eq. (1) (McMurtrie and Landsberg, 1992).

Table 1 – Symbols used for formulating the NPP
allocation functions
Name

Unit

coarse
f
ﬁne
r
s
A
af and bf

kg

ar and br
as and bs
b
cr
D
h
k

mm
t C m−3

kr
M
m
N
p
Qcroot stem

kg

Qfroot foliage
Q
Q
q
rf
rfmax
rfo
rr
rs
t
max
W
wf
wr
ws
˛f and ˇf
˛s and ˇs

Year
m3
kg
kg
kg
kg

Note
Allocation coefﬁcient for coarse roots
Allocation coefﬁcient for foliage
Allocation coefﬁcient for ﬁne roots
Allocation coefﬁcient for roots (total
coarse and ﬁne roots)
Allocation coefﬁcient for the stem
Maximum of individual stem biomass
Genetic characteristics of different tree
species for foliage
Genetic characteristics of different tree
species for roots
Genetic characteristics of different tree
species for the stem
Coefﬁcient expressing initial stem
biomass
Coefﬁcient to reﬂect the relation of rfmax
and rfo
DBH
The carbon density of wood
Time coefﬁcient for the stem biomass
growth function
Time coefﬁcient for the foliage loss
function (rf ) that ranges from rfo to rfmax
Nutrient coefﬁcient
Allometric constant reﬂecting
assimilation rate
Net primary production of a tree
Coefﬁcient of anabolism or assimilation
Ratio of the coarse root (coarse ) to stem
(s ) allocation coefﬁcients
Ratio of the ﬁne root (ﬁne ) to foliage (f )
allocation coefﬁcients
Ratio of the foliage (f ) to stem (s )
allocation coefﬁcients
Simpliﬁed Q
Coefﬁcient of catabolismor dissimilation
Rate of foliage loss per year
Maximum foliage litterfall (including
twigs and small branches) per year
Foliage loss per year when t = 0
Loss of roots per year
Loss of stem per year
Time in years
Maximum of individual tree volume
Total mass of the tree
Mass of foliage
Mass of roots
Mass of stem
Coefﬁcients instead of af and bf
Coefﬁcients instead of as and bs

Second, allometric relationships between each part of the tree
and total tree biomass can be described as in Eq. (2) for individual trees (Pearson et al., 1984), and these relationships often
ﬁt the observed data well (i.e., with high R2 values):
˙i = 1

(i = f, r, s)

wi = ai W bi

(i = f, r, s)

(1)
(2)

where the parameters and symbols used for formulating the
NPP allocation functions are summarized in Table 1.
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To simplify our problem analysis, we did not consider carbon allocations to bark, pollen, and fruit in this study. We
also deﬁned branches as a part of the stem, but included
lost branches and twigs in the foliage litterfall. Each of the
allocation coefﬁcients in Eq. (1) can be derived from the
growth functions of NPP. McMurtrie and Wolf (1983) presented
growth functions in differential form, and expressed the rate
of growth in the mass of foliage (wf ), roots (wr ), and stem (ws )
as follows:
dwf
dN
=
 − rf wf
dt
dt f

(3)

dwr
dN
=
r − rr wr
dt
dt

(4)

dws
dN
=
s − rs ws
dt
dt

(5)

If we assume that rs = 0 for a single tree, we can derive Eq. (6)
from Eqs. (3) and (5):
f
=
s

 dw   dw −1
s
f
dt

dt

+ rf wf

 dw −1
s

dt

(6)

If we express the ratio f /s as Q and incorporate this new term
in Eq. (6):
Q = Q  + rf wf

where Q  =

 dw −1
s

(7)

dt

 dw   dw −1
s
f
dt

(8)

dt
−1

If we disregard the term rf wf (dws /dt) in Eq. (7), the Q term
approximates the ratio of f and s for some species or younger
trees that have a low foliage litterfall rate or low foliar biomass;
−1
under these conditions, rf wf (dws /dt) becomes small enough
to ignore. If we substitute Eq. (2) into Eq. (8), then differentiate
wf and ws , we obtain the following result:
−1

Q  = (af bf )(as bs )

(W bf −bs )

(9)

Then, from Eq. (1):
−1

s = (1 − r )(Q  + 1)

(10)

f = 1 − r − s

(11)

where Q ≈ f /s . Eqs. (9)–(11) have been used in the 3-PG model
(Landsberg and Waring, 1997), which allocates carbon to roots
(r ) directly as a function of a nutrient coefﬁcient (M), absorbed
photosynthetically active radiation (PAR), and utilizable photosynthetically active radiation (UPAR):



r = 0.8 1 + 2.5M

 UPAR −1
PAR

(12)

Fig. 1a illustrates an example of the NPP allocation coefﬁcients
using Q instead of Q. Note that the graphs in this ﬁgure are
presented based on data for site class 1 black spruce in northern Ontario (Table 2), with tree ages estimated from DBH using

Fig. 1 – Comparisons of NPP allocation using the allocation
ratios Q and Q (see the text for deﬁnitions of these ratios)
as a function of the tree’s age (t). (a) NPP allocation using Q ;
(b) comparison of Q and Q ; (c) comparison of NPP allocation
between different allocation ratios (Q and Q ) and different
foliage loss rates (rf ). This comparison is based on data for
black spruce (site class = 1; Table 2) in northern Ontario, and
tree ages estimated from DBH using a normal yield table for
this species (Plonski, 1974). Q was calculated using Eq.
(A1.11).

a normal yield table for this species (Plonski, 1974). In this ﬁgure, s is an increasing monotonic function of time, and as
it increases, partitioning to ﬁne roots and foliage decreases.
However, NPP should logically be increasingly allocated to
roots and foliage as an overmature tree gradually decreases
its stem growth. This suggests that the coefﬁcients for carbon
allocation estimated using Q do not describe the actual pattern of NPP allocation in older trees as a result of omitting the
−1
rf wf (dws /dt) term in Eq. (9). This term can be interpreted as
the ratio of foliar turnover to growth rate of stem mass. Once
the values of foliar turnover and stem increment become comparable, which is the case for older trees, their ratio can no
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Table 2 – Parameters used in Eq. (13) for black spruce. The parameters ˛f and ˇf , determined by analyzing ﬁeld data
(Newcomer et al., 2000)
Site class

rfmax

rfo

kr

˛f

ˇf

˛s

ˇs

max

k

0.1
0.1
0.1

0.01
0.01
0.01

0.12
0.12
0.12

0.00119
0.00119
0.00119

1.71705
1.71705
1.71705

0.000023
0.000052
0.000077

2.9736
2.8189
2.7052

0.330
0.189
0.010

0.0464
0.0423
0.0442

1
2
3

Parameters ˛s , ˇs , max , and k were obtained from regression curves developed using normal yield tables (Plonski, 1974). The maximum rate
(rfmax ) of foliage litterfall, including twigs, was calculated from ﬁeld measurements (Gower et al., 1997). Site classes were classiﬁed using the
normal yield tables (Plonski, 1974) for the boreal forest of northern Ontario, Canada. Site classes 1, 2, and 3 represent high, medium, and low
−1
site productivity, respectively. Note that Eq. (13) includes the following functions: rf = rfmax (1 + cr e−krt )−1 and cr = 1 − rf max rfo
.

longer be ignored. Thus, the following derivation accounts for
−1
the rf wf (dws /dt) term in Eq. (7).
Eq. (7) includes four subfunctions of time (t): Q , wf , rf ,
and dws /dt. The ﬁrst three of these subfunctions are (respectively) decreasing monotonic (Q ), increasing monotonic (wf ),
and unchanging (rf ). All three terms become nearly constants
when tree age or DBH becomes sufﬁciently large. Therefore,
the term that describes the growth rate of the stem (dws /dt)
in Eq. (9) signiﬁcantly affects the curve for Q at high values of
age or DBH. To simplify the problem and facilitate data collection, we integrated dws /dt and expressed Q using DBH (D) as
an independent variable:
−1

Q = (˛f ˇf )(˛s ˇs )

(Dˇf −ˇs ) + krf ˛f ˛s Dˇf −ˇs
−1 −1

× [1 − ˛s Dˇs (2000h max)

]

(13)

In this study, we used a litterfall function (Landsberg
and Waring, 1997) for calculating the foliage loss rate
−1
. We assumed
as rf = rfmax (1 + cr e−krt )−1 and cr = 1 − rfmax rfo
that rfo = 0.01 year−1 and kr = 0.12, as was suggested in
the 3-PG model (Landsberg and Waring, 1997), and set
rfmax = 0.10 year−1 , which combines the ﬁne branch and
foliage litterfall rates measured by Gower et al. (1997):
ﬁne branch = 0.024 year−1 , and foliage = 0.069–0.083 year−1 and
0.061–0.075 year−1 for SSA and NSA, respectively. The value
of rf ranges from 0.01 to 0.10 year−1 and approaches rfmax
when t > 30 months (approximately). Table 2 lists all parameters described in Eq. (13) and their values.
For practical use, we simpliﬁed Eq. (10) as Eq. (14) using
empirical ratios instead of Eq. (12), and expressed it using a
single independent variable (Q) for Canada’s boreal forest:
−1

s = (1.2 + 3Q)
The derivation of Eq. (13) is described in more detail in
Appendix A. The function Q can be parameterized using ﬁeld
data for simulations of tree growth on different sites. Fig. 1b
illustrates an example of curves for Q and Q , and Fig. 1c shows
the different effects of Q and Q to NPP allocation (s ), where
both Q and Q were calculated based on determining parameter k in Eq. (A1.2), ˛i and ˇi (i = f, s) in Eq. (A1.6), h and max in
Eq. (A1.9), and rf in Eq. (3).

2.2.

(14)

The expression of s was derived as Eq. (A2.4) as described
in Appendix B. The ratio Qcroot stem (0.2 for black spruce) was
calculated from measurements in the BOREAS study areas
(NSA and SSA) in central Canada (Gower et al., 1997; Ryan
et al., 1997). The ratio Qfroot foliage (2.0) was estimated from
Ryan et al., (1997). Substituting these values of Qcroot stem and
Qfroot foliage into Eq. (A2.4), we obtained Eq. (14) and solved for
f and r using Q = f /s and Eq. (1).

Parameterization
2.3.

The parameters ˛f and ˇf in the allometric relationships
between foliage biomass and DBH were determined by regression analysis of ﬁeld data (Newcomer et al., 2000) collected
from black spruce sites in the BOREAS (Sellers et al., 1997) of
the boreal forest ecosystems of central Canada, which consists of a northern study area (NSA) near Thompson, Manitoba
(55.7◦ N, 97.8◦ W) and a southern study area (SSA) near Prince
Albert, Saskatchewan (53.2◦ N, 105.7◦ W). The regression function for foliage (wf = 0.00119D1.171705 ) had a good correlation
(R2 = 0.90, n = 116) for black spruce.
The parameters ˛s and ˇs in the allometric relationships
between stem biomass and DBH were calculated by means of
regression analysis of the volume data in normal yield tables
for black spruce in northern Ontario. The total volume (m3 )
was converted into biomass (kg) using a carbon density factor (h = 0.23 t C m−3 ; Zhou et al., 2004) and a ratio of carbon to
total biomass equal to 0.5 (Environment Canada, 2004), which
was also used for determining the parameters A and k those
describe the relationship between stem biomass and tree age.

Model validation

We used the TRIPLEX1.0 (Peng et al., 2002) simulation model
as the candidate for testing the new NPP allocation functions.
This model simulates the key variables of the carbon cycle in
an ecosystem, such as PAR, GPP, NPP allocation, forest growth
and yield, soil carbon, soil nitrogen, and soil water. The variables for tree growth and yield were calculated based on a
function that describes the stem’s wood biomass increment.
Tree height and diameter growth are both inﬂuenced by a
combination of physiological and morphological responses to
environmental factors. This provides a way to validate the
process-based model using ﬁeld growth and yield data. We
integrated Q and Q into TRIPLEX1.0 for partitioning NPP, and
compared the simulated height and DBH results with ﬁeld data
to obtain an indirect validation of the stem allocation coefﬁcient (s ) in this study. TRIPLEX1.0 has been parameterized for
major boreal tree species in central Canada (Zhou et al., 2004).
The TRIPLEX1.0 model requires inputs of forest stand data,
soil texture, and climatic conditions before it can simulate a
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stand. We obtained ﬁeld growth and yield data for the model
simulation from the Lake Abitibi Model Forest (LAMF) of northeastern Ontario (48.8◦ N, 80.7◦ W). The vegetation data from
the 1993 Iroquois Falls Forest Inventory was provided by the
Abitibi-Consolidated Company of Canada. Black spruce covered more than 75% of the LAMF area, and average tree age
ranged from 2 to 280 years in 1993. Annual average temperature was 1.6 ◦ C and annual precipitation was 976 mm at central
LAMF (Iroquois Falls) in 1990 (Environment Canada, 1994). Data
on soil texture were reported by Elkie et al. (2000) and Siltanen
et al. (1997). The average temperature, humidity and precipitation for whole LAMF region were obtained from the climate
database developed by Canadian Centre for Climate Modelling
and Analysis (CCCMA, 2003).

3.

Results

The analytical functions for NPP allocation that we developed in this study are expressed by Eqs. (13) and (14), and
are graphed as Fig. 2. The NPP allocation to stem decreases
obviously after 100 years, and differs among site classes. All
the parameters listed in Table 2 were used in this study to
simulate the growth of black spruce in northeastern Ontario’s
boreal forest.
In Eq. (14), the ratio of foliage to stem allocation (Q)
increases as the trees age, and this decreases the stem
allocation coefﬁcient (s ) in older age classes. If D reaches
its maximum value in Eq. (13) and meets the condition
˛s Dˇs ≤ 2000hmax , then Q tends to increase to ∞ and s
becomes zero. For instance, when Dmax = 196.5, max = 0.33, and
h = 0.23, the second term in Eq. (13) approaches inﬁnity, which
results in a zero allocation of NPP to the stem. Fig. 1b compares Q and Q as a function of time (years), with these values
calculated from DBH using the data in normal yield tables for
black spruce. The difference between Q and Q is obvious when

Fig. 2 – An example of NPP allocation curves for black
spruce (site classes 1 and 3) in northern Ontario, Canada,
calculated from Eqs. (13), (14), (A1.6) and (A2.4) using the
parameters in Table 2. Q was initialized as 3.0 for tree ages
of less than 20 years.

trees reach the overmature stage (here, at around 100 years).
The increasing Q value results from decreasing s as the trees
age. Fig. 1c compares the different carbon allocation functions
for the stem (s ) using Q and Q , and illustrates the effect of the
rate of foliage loss (rf ) on s . A higher rate (rf ) realistically leads
to a lower allocation to the stem (s ).
The effects on Q and Q as trees age are obviously different
(Fig. 1b). Both the standard errors and the biases estimated

Table 3 – Comparison of ē, standard errors, standard deviations, and biases for simulated tree height and DBH of black
spruce stands using different allocation ratios (Q and Q )
Site class

Height (m)

DBH (cm)

1

2

3

1

2

8184

11783

3999

8184

11783

Using Q
ē
S.E.
S.D.
Bias (%)
p-Value

−2.197
1.386
1.702
−15.6
<0.0001

−1.668
1.925
2.388
−13.1
<0.0001

−0.773
1.355
1.520
−7.1
<0.0001

−0.775
1.942
2.108
−5.3
<0.0001

−0.825
2.472
2.462
−5.8
<0.0001

−0.661
1.766
1.875
−5.4
<0.0001

Using Q
ē
S.E.
S.D.
Bias (%)
p-Value

−1.351
1.374
1.469
−10.6
<0.0001

−0.336
1.841
1.933
−2.7
<0.0001

−0.053
1.356
1.531
−0.5
<0.0001

0.070
1.939
1.976
0.5
<0.0001

−0.082
2.445
2.216
−0.6
<0.0001

−0.153
1.742
1.787
−1.3
<0.0001

n

3
3999



Note: n, sample size (number of stands); ē, average prediction error; S.E., standard error of the predicted value for each observed value in the
regression, which is a measure of the amount of error in the prediction for an individual observation; S.D., standard deviation of the prediction
error.
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Fig. 3 – Comparison between observed and simulated height and DBH for black spruce using different NPP allocation
functions based on two different ratios (i.e., Q and Q ). Field data was collected from the Lake Abitibi Model Forest in
northeastern Ontario, Canada. Comparisons between observed and simulated values were performed for each age class.
The circle and cross marks denote simulations using Q and Q , respectively. The sample sizes were 8184, 11,783, and 3999
for site classes 1, 2, and 3, respectively.

using Q to predict tree height and DBH are lower than those
estimated using Q for all three site classes (Table 3). The
R2 correlation between observations and simulations was
much higher using Q than using Q (Fig. 3), and the improved
model outputs against the heteroscedasticity error. Fig. 3 also
shows differences between the observed and simulated values, especially for older trees with larger DBH and height,
since it is realistic to assume that larger DBH and height
occur in overmature stands. Table 3 shows that the improved
NPP allocation using Q results in less bias than in the traditional NPP allocation using Q for stands with larger DBH and
height.

4.

Discussion

Performing a highly accurate simulation is a big challenge for
NPP allocation models because many factors affect NPP allocation in a forest ecosystem. From the viewpoint of physiological
mechanisms, NPP should be allocated to roots before the stem,
and Eq. (10) describes how s is affected by r . Even though
Eq. (12) can be used to calculate r by quantifying nutrient
and growth conditions, it is awkward to simulate forests over
the entire life span of their trees. This problem arises because
nutrient transfer and the proportion of usable light (UPAR/PAR)
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often exhibit complex long-term behaviors. In Eq. (12), the
nutrient coefﬁcient M varies with tree growth and may cause
r to ﬂuctuate as a function of tree growth with increasing
age. If we assume that soil nitrogen accumulates most rapidly
between 15 and 64 years after secondary succession following ﬁre or clearcutting (Covington, 1981), M may be higher and
may lead r to be lower than at other ages. In addition, roots
grow fast during the juvenile stage and may thus obtain more
NPP allocation. In general, r has been estimated as 0.5–0.8
for Sitka spruce (Picea sitchensis) (Waring, 2000). This is slightly
higher than the range for Canada’s boreal black spruce (Chen
et al., 2002): 0.4–0.65 for boreal stands (site index of 11 m) and
0.5–0.6 for peatlands (site index of 3 m) in Ontario, Canada.
In this study, we did not provide an analytical value for r ,
but derived an alternative based on estimated and statistical
results such as the allocation ratio (Qcroot stem ) of coarse roots
(coarse ) to stem (s ), and the allocation ratio (Qfroot foliage ) of
ﬁne roots (ﬁne ) to foliage (f ). Fig. 2 illustrates the NPP allocation curves generated in this study. Note that these allocation
ratios (Qcroot stem and Qfroot foliage ) were measured and estimated only for a speciﬁc location rather than for the whole
boreal forest region. This could produce errors in modeling
NPP allocation in regions with characteristics that differ from
those of central Canada; for example, differences in latitude
may also affect the length of ﬁne roots (Hendrick and Pregitzer,
1993). There is thus a need to quantify root allocation ratios
for individual species in the boreal forest ecosystem across
Canada.
Another problem relates to the parameterization of Eq. (2),
which would lead to larger errors for partitioning in younger
trees because the power function increases slowly and underestimates biomass when the value of the independent variable
(D) is low. In addition, an excessively large biomass may be calculated using Eq. (2) when the value of D becomes higher. For
these reasons, we recommend initializing stem biomass and
restricting biomass (˛s Dˇs ≤ A) before using Eq. (2) and (13). In
terms of the effects of latitude on NPP allocation in forests,
we also found that the parameters reﬂecting genetic characteristics in Eq. (2) affect the dynamics of Q, and vary among
locations. Using published data (e.g., Aldred and Alemdag,
1988) to ﬁt the parameters used in Eq. (2) for local tree species
would improve the accuracy of the model’s simulations. Moreover, for practical use of this model, the effects of soil nutrition
and moisture needed to be considered as well as complementary effects on NPP allocation.
Generally speaking, Eq. (13) is a DBH-dependent function
that interprets the dynamics of NPP allocation to the stem
in biological terms. Eqs. (6), (7) and (A1.5) are variations of
Eq. (13). They can be used directly to determine allocation to
the stem. For example, Q in Eq. (7) can be resolved by calculating the wf and dws /dt (annual increment) values using a
process-based model. Fig. 4 compares the different NPP allocation results from four process-based models including 3-PG
(Landsberg and Waring, 1997), Century (Parton et al., 1993),
CenW (Kirschbaum, 1999), and the present study (an improved
version of the TRIPLEX model; Peng et al., 2002). As Fig. 4
shows, NPP allocation to the stem based on the model in
the present study decreases obviously during the overmature
stage, whereas the other models do not predict this realistic
effect because they provide no negative feedback that would

Fig. 4 – Comparisons of simulated NPP allocation to the
stem using four different allocation functions derived from
different process-based models: the present study, 3-PG
(Landsberg and Waring, 1997), Century 4.0 (Parton et al.,
1993; Metherell et al., 1993), and CenW (Kirschbaum, 1999).
The dynamics of NPP allocation to the stem were simulated
over the course of stand development for black spruce,
black spruce, common conifer, and Monterrey pine,
respectively. The Century 4.0 model uses two coefﬁcients to
allocate NPP to the stem for both juvenile (<50 years in this
study) and mature trees.

constrain the allocation of NPP to the stem. This feedback can
be interpreted using the second term in Eq. (13): when DBH
(D) reaches its maximum (A), stem growth stops and its allocation becomes zero. Therefore, NPP will be partitioned only
to foliage and ﬁne roots thereafter. Conversely, Q approaches
Q when DBH (D) is small. This suggests that the derived allocation functions reﬂect the growth restrictions that arise in
overmature stands for different species and site classes. Our
validation of the model also showed the rationality of NPP allocation using analytical functions. The study thus provided a
realistic approach to partitioning NPP in modeling the carbon
dynamics of Canadian boreal forest ecosystems.
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Appendix A
von Bertalanffy (1957) formulated the growth rate of organisms by following Pütter’s (1920) reasoning that growth in
weight is the resultant of the difference between anabolic

ecological modelling

(building up) and katabolic (breaking down) factors. The
growth function (e.g., the increase in the dry weight of
biomass) in this process is written as follows:
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black spruce. Substituting Eq. (A1.9) into Eq. (A1.8), and rearranging it, we can obtain the ﬁnal function:
−1

Q = (˛f ˇf )(˛s ˇs )

dws
= pwm
s − qws
dt

(A1.1)



Solving this differential equation by
(pwm
s − qws )dt, we
obtain the Richards function (Richards, 1959):
1/(1−m)

ws = A(1 − be−kt )

(A1.2)

where A = (p/q)1/(1−m) , k = p(1 − m), and b = 1 − (ws |t=0 /A)(1−m) . Let
m = 2 for woody plants. Eq. (A1.2) becomes a logistic growth
function, of which the ﬁrst derivative represents the growth
rate:
−2
dws
= −Akbe−kt (1 − be−kt )
dt

(A1.3)
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−1

(Dˇf −ˇs ) + rf ˛f (k˛s )
−1 −1

× [1 − ˛s Dˇs (2000hmax )

Note that Eq. (A1.10) must meet the restriction that ˛s Dˇs ≤ A,
and Q is expressed as follows:
−1

Q  = (˛f ˇf )(˛s ˇs )

(Dˇf −ˇs )

(A1.11)

Appendix B
Rewriting Eq. (1) provides:
s + coarse + ﬁne + f = 1

(A2.1)

s + Qcroot

stem s

+ Qfroot

foliage f

dws
= kws (1 − ws A−1 )
dt

s + Qcroot

stem s

+ Qfroot

foliage Qs

which can also be derived by expressing p and q with
A[A = (q/p)1/(1−m) and m = 2] and k[k = p(1 − m) and m = 2] in Eq.
(A1.1). Then, substituting Eq. (A1.4) for the second item of Eq.
(6), it leads to:
Q=

 dw   dw −1
s
f
dt

dt

−1

+ rf wf [kws (1 − ws A−1 )]

(i = f, r, s)

d(˛f Dˇf )
Q=
dt



(A1.6)

d(˛s Dˇs )
dt

−1

−1

+ rf ˛f Dˇf [k˛s Dˇs (1 − ˛s Dˇs A−1 )]

(A1.7)
Resolving the ﬁrst item of Eq. (A1.7) gives the following analytical function:
−1

Q = (˛f ˇf )(˛s ˇs )

−1

(Dˇf −ˇs ) + rf ˛f Dˇf [k˛s Dˇs (1 − ˛s Dˇs A−1 )]

(A1.8)
Stem biomass (kg) can be converted from total tree volume
(m3 ) using the carbon density (t C m−3 ) of the wood. We
assume:
A = 2000hvmax

+ Qs = 1

(A2.2)
(A2.3)

Rearranging Eq. (A2.3) gives the simpliﬁed function:
s = [1 + Qcroot

stem

+ (1 + Qfroot

−1
foliage )Q]

(A2.4)

(A1.5)

Substituting Eq. (A1.6) into Eq. (A1.5) gives a function with only
one independent variable (D):



+ f = 1
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